
A FIRST COURSE IN SET THEORY

ANTON BERNSHTEYN

Abstract. This is a set of lecture notes for a semester-long course in set theory. The presentation
here is aimed at graduate (or advanced undergraduate) students in mathematics without prior
knowledge of set theory or mathematical logic more broadly. Therefore, all necessary logic background
is developed from scratch. The material covered in these notes can roughly be described as “set
theory before forcing” and includes the axiomatic foundations of set theory, ordinals and cardinals,
remarks on the role of the Axiom of Choice, basic properties of Gödel’s constructible universe L,
consistency of AC and CH, and a taste of descriptive set theory. The text includes a large number
of exercises, as well as five problem sets. Please reach out to me via email if you are interested in
getting access to the problem sets’ solutions.
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1. The first axioms
1.1. Introduction
The topic of this course is set theory, a field studying some of the simplest mathematical structures,
namely sets. In contrast to many other areas that gradually grew and took shape through the efforts
of many researchers, set theory was invented by a single person, namely Georg Cantor, in the 1870s.i
After Cantor’s initial discoveries, many subsequent developments followed, leading to an axiomatic
formulation of set theory that we will be using in this course. Before jumping into this subject, it is
worthwhile to ponder what makes set theory important and worth studying. To this end, we shall
begin with a brief review of the main concepts of naive set theory (this is the name given to the
informal version of set theory predating the modern axiomatic treatment).

A set is an abstract mathematical model for a collection of objects. As usual, we write x P A the
indicate that an object x is an element (or a member) of a set A, or, equivalently, x belongs to A.
We use curly braces t, u to write down sets; for example,

ta, b, cu (1.1)
is a set with the elements a, b, and c. To clarify, the only information contained in a set is which
objects do and which ones don’t belong to it, without any other relationship between the set’s
elements. For example, the following are different ways of writing the same set as in (1.1):

tb, c, au, ta, a, b, cu, tc, b, c, b, c, b, au.

This idea has a name: the Principle of Extensionality:
Principle of Extensionality: Sets with the same elements are equal.

The empty collection of elements (i.e., tu) is a perfectly valid set, called the empty set and denoted
by ∅. (We are justified in calling it the empty set due to the Principle of Extensionality.) An
important feature of set theory is that sets are allowed to be infinite. For example, we have the set

N “ t0, 1, 2, 3, . . .u (1.2)
of all natural numbers. Notice that formula (1.2) is somewhat informal, since we cannot explicitly
list all the elements of the (infinite) set N. To avoid such informality, we use the notation tx : P pxqu
to denote the set of all x satisfying the property P . For example, we can write

N “ tx : x is a natural numberu.
One reason for set theory’s utility is that it provides tools for manipulating collections of objects

arising in any field of math. For example, we have the standard operations on sets:
‚ union: AYB,
‚ intersection: AXB,
‚ difference: AzB, etc.

In a similar vein, a set A is a subset of a set B, in symbols A Ď B, if all elements of A belong to B.
The reader can no doubt see why this terminology is very useful across mathematics.

That being said, if all set theory gave us was some convenient notation, it wouldn’t be a very
exciting field. What makes set theory really interesting is that sets can be viewed as a basic type
of mathematical structure out of which all others can be built. The key observation here is that
sets can have other sets as elements. This allows us to “nest” sets inside each other to encode more
complicated structures.

Exercise 1.1. Explain why the sets ∅ and t∅u are different.

iThe actual history is slightly less clean than that, as some of the early key ideas were suggested to Cantor by
Dedekind in their correspondence. But certainly the main insight was Cantor’s.
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For example, consider the concept of an ordered pair. An ordered pair pa, bq is a structure with
the property that pa, bq “ px, yq if and only if a “ x and b “ y. In other words, as the name
suggests, an ordered pair pa, bq “remebers” not only the identity of the elements a, b but also their
ordering. Note that the set ta, bu does not have this property, as ta, bu “ tb, au. Nevertheless,
perhaps surprisingly, it is possible to construct structures with the ordered pair property using only
(unordered) sets as building blocks. There are several viable approaches, the most standard being
the following one due to Kuratowski:

pa, bq :“ ttau, ta, buu.

Note that if a “ b, then pa, bq “ ttau, ta, auu “ ttauu.

Proposition 1.1. With the above definition, we have pa, bq “ px, yq if and only if a “ x and b “ y.

Proof. It is clear that if a “ x and b “ y, then pa, bq “ px, yq. Now suppose that pa, bq “ px, yq.
Consider first the case a ‰ b. Then pa, bq contains a set with two distinct elements, namely ta, bu.
As pa, bq “ px, yq “ ttxu, tx, yuu and txu has only one element, it follows that ta, bu “ tx, yu. Thus,
either a “ x and b “ y (as desired) or a “ y and b “ x. The latter situation cannot occur, since
tau P pa, bq but tau R pb, aq. The case a “ b is left as an exercise. �

Having constructed ordered pairs, we can now define ordered triples, e.g., as follows:

pa, b, cq :“ pa, pb, cqq,

and then naturally extend this definition to ordered tuples of arbitrary finite length.
As another example, consider the notion of a function. Informally, a function f : X Ñ Y assigns

to each x P X a corresponding element fpxq P Y (the same element of Y may be assigned to different
elements of X). To encode this assignment as a set, we collect all ordered pairs of the form px, fpxqq:

tpx, yq : x P X and y “ fpxqu.

This set (often called the graph of f) contains exactly the same information as the function f itself,
so we may as well say that it is equal to f . Thus, we are led to the following definition: A function
from a set X to a set Y is a set f such that:

‚ every element of f is an ordered pair of the form px, yq with x P X and y P Y , and
‚ for each x P X, there is exactly one y P Y such that px, yq P f .

A binary operation on a set X is just a function X ˆX Ñ X, where X ˆX is the set of all ordered
pairs px, x1q with x, x1 P X. At this point we clearly have enough building blocks to define all sorts
of algebraic structures as sets with certain properties. For example, a group is an ordered pair pG, ¨q,
where ¨ is a binary operation on the set G satisfying a list of axioms. The reader is invited to think
of other examples of mathematical structures and ways they can be encoded by sets.

In addition to general classes of structures (e.g., functions or groups), we may also want to use
sets to construct models for specific objects. Take, for instance, the natural numbers. How do we
represent, say, the number 5 by a set? As with ordered pairs, there are different approaches to this
task, the most common of which is due to von Neumann. Von Neumann’s idea is to represent each
natural number n by a set with n elements. For n “ 0, this leaves us no choice but to define

0 :“ ∅.

For n “ 1, we need a set with one element. Thankfully, we already have one element lying around,
namely 0, so we let

1 :“ t0u.
Continuing in the same manner, we define

2 :“ t0, 1u, 3 :“ t0, 1, 2u, 4 :“ t0, 1, 2, 3u, . . . ,
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and, more generally,

n` 1 :“ t0, 1, 2, . . . , nu for all n.

Notice that, according to this definition,

n` 1 “ t0, 1, 2, . . . , n´ 1u Y tnu “ nY tnu.

The fact that the successor operator on N has such a simple set-theoretic description is one of the
reasons this way of defining natural numbers is particularly convenient.

At this point, we come to a striking observation: Notice that the only elements we used to
build the sets representing the natural numbers were sets themselves (we were able to start the
construction with the empty set, thus avoiding the need to have any non-set elements to begin with).
It turns out that, more generally, in order to build a model of the whole of mathematics, we never
need to consider any objects other then sets (whose elements are sets, whose elements are sets, etc.).
This can be formulated as the atomless assumption:

Atomless Assumption: The only elements of sets are themselves sets.
Of course, one can also study set theory with atoms (i.e., with objects that can be elements of sets
but aren’t sets themselves), but in this course we’ll be focusing on the atomless case.

The above discussion is meant to convince you that, although the theory of atomless sets seems
extremely simple, it is in fact rich enough to encompass all of mathematics. In fact, in the naive
form sketched above, it is a little too powerful, as it leads to internal contradictions, or paradoxes.
The most famous of these is Russell’s Paradox. We begin by asking: Can a set be its own element,
i.e., can we have x P x? This certainly seems bizarre, so perhaps it’s better to focus on only those
sets x that satisfy x R x. Bertrand Russell observed that this lands us in difficulties:

Russell’s Paradox: Consider the set R :“ tx : x R xu. Is R an element of itself?
A moment’s thought shows that neither answer to the above question is consistent. Indeed, if R P R,
then, by the definition of R, we have R R R. On the other hand, if R R R, then, by the definition of
R again, we must have R P R.

Getting rid of problems such as Russell’s paradox took a few decades of very hard work. The
final solution was to give an explicit list of axioms for set formation that prohibits defining sets such
as tx : P pxqu unless certain specific conditions are fulfilled. According to these axioms, Russell’s
set R is not actually a set, and so no paradox occurs. Designing an axiom system that is flexible
enough for all desirable applications of set theory yet sufficiently restrictive to avoid paradoxes is a
tremendous challenge, and the resulting axiom system is by necessity somewhat complex and subtle.
While there are several largely equivalent axiomatizations of set theory, by far the most well-known
is the axiom system ZFC: the Axioms of Zermelo–Fraenkel with the Axiom of Choice. In the first
part of this course we will learn what these axioms are, how to use them, and what each of them
tells us about the universe of sets as a whole.

1.2. The language of set theory
For the rest of this course, we will be working in a universe of set theory, i.e., a collection U of
objects equipped with a binary relation P. In other words, a universe of set theory is a directed graph
whose vertices are the members of U and whose directed edges are given by the relation P. The
members of U—i.e., the vertices of the digraph—are called sets, while P is called the membership
relation. When x and y are sets such that x P y, we say that x is an element or a member of y or
that x belongs to y. At this point, you should forget everything you know about sets: although we
use the name “set” for the members of U, without any additional assumptions, any digraph is a
valid universe of set theory.
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Using the relation P, we can define an array of other properties of sets. For example, we write
x Ď y and say that x is a subset of y, if all elements of x are also elements of y; in symbols

@z pz P x Ñ z P yq. (1.3)
Note that here the universal quantifier @z ranges over all members of U (i.e., over all sets). Throughout
the course, we will be working with various properties that can be expressed by formulas such as
(1.3). Formally, we say that they can be expressed in the language of set theory. The language of
set theory consists of the following symbols:

‚ the membership relation symbol P,
‚ the equality symbol “,
‚ logical connectives  , ^, _, Ñ,
‚ quantifiers @, D,
‚ parentheses p, q, and
‚ variables x, y, A, B, . . .

A word in the language of set theory is a finite string of symbols from the above list. A variable x
appears in a word w if it is one of the symbols used in w at least once. Let w be a word and let x
be a variable that appears in w. We say that x is free in w if w does not contain the words Dx and
@x as contiguous substrings; otherwise, x is bound in w. Thus, if we say that a variable x is not
bound in w, this means that either x does not appear in w, or x is free in w. A formula is a word
built according to the following rules:

‚ if x and y are variables, then x “ y and x P y are formulas;
‚ if ϕ is a formula, then  pϕq is a formula;
‚ if ϕ and ψ are formulas such that no variable free in one of these formulas is bound in the
other, then pϕq ^ pψq, pϕq _ pψq, and pϕq Ñ pψq are formulas;

‚ if ϕ is a formula and x is a variable not bound in ϕ, then @x pϕq and Dx pϕq are formulas.
Only words obtained through finitely many applications of the above rules are formulas.

Example 1.2. The formula @z ppz P xq Ñ pz P yqq mentioned above has two free variables x and y
and asserts that x is a subset of y.

Example 1.3. The formula @y p py P xqq says that x has no elements (i.e., x is an empty set).

Exercise 1.2. Write down a formula whose meaning is “x has exactly one element.”

Here we should make an important remark. Formulas, as defined above, are not sets, in the sense
that they are not members of U. You should keep in mind that so far, U is an arbitrary digraph,
and there is no relationship whatsoever between its vertices and finite strings of symbols formed
according to certain rules. That being said, we will later introduce axioms that will allow us to
define notions such as “natural numbers” and “finite sequences” inside U (after all, our goal is to
view U as a model of set theory that is rich enough to express all of mathematics). Nevertheless,
the above definition of a formula refers to these notions in an “intuitive” sense, rather than to their
set-theoretic counterparts. In other words, for the purposes of this course, it will be assumed that
you comprehend the English language, are able to perform correct mathematical arguments, and are
familiar with basic mathematical concepts such as “a finite string of symbols.” The extent to which
these assumptions can be removed is an interesting question (in mathematical logic and philosophy),
but it falls outside the scope of this course.

When dealing with formulas, we often use some standard abbreviations and conventions. For
instance, we write x ‰ y for  px “ yq and x R y for  px P yq. Also, pϕq Ø pψq is a shortcut for

ppϕq Ñ pψqq ^ ppψq Ñ pϕqq.
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When this does not impede understanding, we often omit some of the parentheses to aid readability.
For instance, we may write

x “ y _ px P y ^ x P zq to mean px “ yq _ ppx P yq ^ px P zqq.

Another convenient convention is to write Dx P y p. . .q instead of Dx px P y ^ p. . .qq.

Exercise 1.3. Explain what the notation @x P y p. . .q means.

If U is a universe of set theory, then, given any formula ϕ, we may replace some of the free
variables in ϕ by members of U, obtaining a formula with parameters from U. For example, if a
is a member of U and x is a variable, then x P a is a formula asserting that x is an element of a,
where a is used as a parameter.

A formula ϕ (possibly with parameters from U) can be interpreted by viewing P as a symbol
representing the binary relation on U and allowing the variables to range over U. If ϕ is such a
formula without any remaining free variables not replaced by parameters, then it is called a sentence.
Any sentence ϕ is naturally seen as either true or false in U. If ϕ is true in U, then we write U |ù ϕ.

Exercise 1.4. Give a careful definition of what it means for a sentence ϕ to be true in U. You will
have to start with the case when ϕ is of the form a “ b or a P b (where a and b are sets in U used as
parameters) and then proceed inductively through the possible steps of the construction of ϕ.

1.3. The Axiom of Extensionality
Consider the universe of set theory U consisting of three distinct sets a, b, c such that the only
instances of the membership relation are a P b and a P c. Then U |ù b Ď c, since the only element of
b, namely a, is also an element of c. Similarly, we have U |ù c Ď b. Nevertheless, b ‰ c. This shows
that U violates the first axiom of ZFC, called the Axiom of Extensionality (Ext for short):

Extensionality (Ext)

@x@y
`

px Ď y ^ y Ď xq Ñ x “ y
˘

.

Exercise 1.5. Check that the Axiom of Extensionality is equivalent to the following:
@x@y

`

@z pz P x Ø z P yq Ñ x “ y
˘

.

From now on, unless explicitly stated otherwise, we shall assume that U |ù Ext.

1.4. Classes
A class is simply another name for a formula with one free variable (possibly with parameters).
Given such a formula ϕpxq with a single free variable x, we write the corresponding class as

C :“ tx : ϕpxqu.
That is, we think of C as the collection of all sets x satisfying ϕpxq. This is nothing but a mere verbal
convenience. Every statement about classes is really a statement about formulas, just phrased using
different—and often more convenient—notation. For example, if C is a class given by a formula
ϕpxq, then we write x P C to mean that ϕpxq holds. Here are some examples of classes:

Example 1.4. The class of all sets U “ tx : x “ xu. Every set x satisfies x P U.

Example 1.5. The empty class ∅ :“ tx : x ‰ xu. There is no set x such that x P ∅.

Example 1.6. The class of all one-element sets:
tx : Dy@z pz P xÐÑ z “ yqu.
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Exercise 1.6. Show that the class tx : DyDz px “ py, zqqu of all ordered pairs in indeed a class,
where the ordered pair py, zq is defined as py, zq :“ ttyu, ty, zuu. To this end, you will need to check
that the property x “ py, zq can be expressed by a formula in the language of set theory.

Exercise 1.7. Give further interesting examples of classes.

We use standard set-theoretic notation, such as X and Y, for classes in the obvious way. For
instance, given two classes C “ tx : ϕpxqu and D “ tx : ψpxqu, the class

CXD :“ tx : x P C and x P Du

corresponds to the formula ϕpxq ^ ψpxq. In the same setting, we write C Ď D if

@x px P CÑ x P Dq,

or, in terms of formulas, @x pϕpxq Ñ ψpxqq.

Exercise 1.8. Let C and D be classes. Define the classes CYD and CˆD.

An important convention is that, given a pair of classes C and D, we write

C “ D

to mean pC Ď Dq ^ pD Ď Cq. This is a slight abuse of notation (because C “ D here doesn’t mean
that the underlying formulas are actually equal, just that they are equivalent), but it makes working
with classes particularly convenient.

Every set a gives rise to the class C given by the formula x P a (here a is used as a parameter).
By definition, the members of this class C are precisely the elements of a. In general, given a class
C, we say (with another small abuse of terminology) that C is a set if there is a set a in U such that

@x px P a ÐÑ x P Cq. (1.4)

Note that, if U |ù Ext, then such a set a must be unique. We shall often use the same name for a
class C and the set a satisfying (1.4) (for instance, we may write C “ a in that case). If no such set
a exists, we say that C is a proper class. Most axioms of ZFC assert that certain classes are sets.

Example 1.7 (Russell’s paradox). Consider the class R :“ tx : x R xu. Russell’s paradox discussed
in §1.1 can be seen as a proof that R is a proper class. Indeed, if R were a set, then we would either
have R P R or R R R, and both of these assumptions lead to a contradiction.

1.5. A few more axioms
We are ready to add a few axioms to our list, all of which we will henceforth assume to be true in U.

Empty Set (Empty)

The empty class ∅ is a set.

In symbols, the Empty Set Axiom can be written as

Dx@y py P x ÐÑ y ‰ yq,

or, more concisely, Dx@y py R xq. This is a common feature of the axioms of ZFC: they can all be
expressed by sentences in the language of set theory (without parameters).

As usual, we denote the empty set (which exists by Empty) by the symbol ∅ (same as for the
empty class). Note that the expression x “ ∅ is really a shortcut for the following formula:

@y py R xq.
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It is a bit less obvious that an expression such as ∅ P x can be written as a formula as well. The
idea is to change the phrase “the empty set is an element of x” to “there exists a set that is an
element of x and is empty,” i.e.,

Dz
`

z P x^ @y py R zq
˘

.

This trick of getting rid of extra symbols by introducing additional quantifiers is quite common, so
it is good to keep it in mind for later use.

Pairing (Pair)

For all sets a, b, the class ta, bu :“ tx : x “ a_ x “ bu is a set.

Note that the formula x “ a_ x “ b defining the class ta, bu uses a and b as parameters. Again,
the Pairing Axiom can be stated explicitly as a sentence in the language of set theory:

@a@b Dx@y
`

y P x ÐÑ py “ a_ y “ bq
˘

.

Proposition 1.8. For every set a, the class tau :“ tx : x “ au is a set
Proof. Note that tau “ ta, au and apply Pair. �

Proposition 1.9. For all sets a, b, the ordered pair pa, bq :“ ttau, ta, buu is a set.
Proof. Use Pair three times. �

Unfortunately, the Pairing Axiom does not suffice to prove the existence of a triple ta, b, cu (or
any set with more than two elements). To remedy this, we need another axiom:

Union (Union)

For every set a, the class
Ť

a :“ tx : Dy P a px P yqu is a set.

The set
Ť

a is called the union of a. It is the union of all members of a (keep in mind that the
elements of a are themselves sets, so this makes sense!).
Proposition 1.10. For all sets a, b, their union aY b :“ tx : x P a_ x P bu is a set.
Proof. Note that aY b “

Ť

ta, bu, which is a set by Pair and Union. �

Proposition 1.11. For all sets a, b, c, ta, b, cu (defined in the obvious way) is also a set. Furthermore,
for any finite list of sets a1, . . . , ak, we can form a set ta1, . . . , aku.
Proof. Given sets a, b, c, we can write ta, b, cu “ tau Y tb, cu, which is a set by Proposition 1.10.
Similarly, if we are given a finite list a1, . . . , ak of sets, we can form the set ta1, . . . , aku by applying
the Union Axiom k ´ 2 times. �

Here we should make an important remark. So far, we haven’t described the interpretation of
the concept “natural number” inside U. As a result, the variable k in the “furthermore” part of
Proposition 1.11 refers not to a set but to our “intuitive” understanding of what “finite” means.
In other words, Proposition 1.11 really contains an infinite list of sentences in the language of set
theory, asserting the existence of sets such as ta1, a2, a3u, ta1, a2, a3, a4u, ta1, a2, a3, a4, a5u, etc.,
each with its own proof (note that the length of the proof is proportional to the number of elements
in the set we are trying to construct). A logician would say that Proposition 1.11 is not a theorem
but a theorem schema: a “blueprint” explaining how to prove an infinite list of individual theorems.

The last axiom in this section is the Poweset Axiom:
Powerset (Pow)

For every set a, the class Ppaq :“ tx : x Ď au is a set, called the powerset of a.
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1.6. The Axiom Schema of Comprehension
The above axioms (Empty, Pair, Union, and Pow) all describe specific operations on sets that produce
sets as output. In this section we will expand our axiom list by giving a general condition that
guarantees that a certain class is a set. The intuition is this:

If a class is “small,” then it is a set.
One way to witness that a class is “small” is by including it inside a (larger) set:

Comprehension (Comp)

A subclass of a set is a set. I.e., if C is a class and x is a set such that C Ď x, then C is a set.

Technically, Comp is a axiom schema rather than an individual axiom, in the sense that it includes
an infinite list of sentences of a particular form, one for each class C. Specifically, for every formula
ϕpx, a1, . . . , akq with free variables x, a1, . . . , ak and no parameters, the following is an axiom:

@a1 . . .@ak
`

Dx@y pϕpy, a1, . . . , akq Ñ y P xq ÝÑ Dz@y pϕpy, a1, . . . , akq Ø y P zq
˘

. (1.5)
Here we think of the class C in the statement of the Comprehension Schema as defined by the
formula ϕ with parameters a1, . . . , ak, i.e., C “ ty : ϕpy, a1, . . . , akqu.

Even though we have not yet discussed some further important axioms, once we assume that
U |ù Ext ` Empty ` Pair ` Union ` Pow ` Comp, there is already a great deal of mathematical
machinery we can construct.

Proposition 1.12. For any sets X, Y , their product X ˆ Y :“ tpx, yq : x P X, y P Y u is a set.

Proof. Since X ˆ Y is a class (exercise!), we just need to find a set that includes X ˆ Y as a
subclass and then apply Comprehension. To this end, note that if

z “ px, yq “ ttxu, tx, yuu P X ˆ Y,

then every element of z is a subset of X Y Y , and thus z Ď PpX Y Y q. It follows that
X ˆ Y Ď PpPpX Y Y qq,

and we are done by Union, Pow, and Comp. �

Exercise 1.9. Prove that if X and Y are sets, then so are X X Y and XzY .

Exercise 1.10. Show that for every nonempty set a, the class
Ş

a :“ tx : @y P a px P yqu is a set.

Exercise 1.11. Show that U is a proper class. Hint: Example 1.7.

1.7. Relations and functions
A (binary) relation is a set R or ordered pairs. If R is a relation, we often write xR y to mean
px, yq P R and say that x is R-related to y. Given a relation R, we define the following classes:

‚ the domain of R: dompRq :“ tx : Dy ppx, yq P Rqu,
‚ the range of R: ranpRq :“ ty : Dx ppx, yq P Rqu.

Proposition 1.13. For a relation R, dompRq and ranpRq are sets.

Proof. Note that dompRq and ranpRq are subclasses of
ŤŤ

R, so they are sets by Comp. �

Given a set A, we let the image of A under R be the class
RrAs :“ ty : Dx P A ppx, yq P Rqu.

Exercise 1.12. Show that if R is a relation and A is a set, then RrAs is also a set.

Exercise 1.13. Show that for a relation R, ranpRq “ RrdompRqs.

11



As discussed in §1.1, we shall encode functions in U as sets of ordered pairs—i.e., relations—with
certain properties:

Definition 1.14 (Functions). A function is a relation f such that for every set x in U, there is at
most one set y with px, yq P f , or, equivalently,

@x@y@z
`

ppx, yq P f ^ px, zq P fq ÝÑ y “ z
˘

.

Exercise 1.14. Write out a formula in the language of set theory saying that pa, bq P c.

Since a function f is a relation, the notation dompfq and ranpfq makes sense for it. For each
x P dompfq, we let fpxq be the unique element of ranpfq such that px, fpxqq P f .

Exercise 1.15. Write out (or at least convince yourself that you can write out) formulas in the
language of set theory saying that fpxq “ y, fpxq P y, and y P fpxq.

Exercise 1.16. For a function f and a set x, explain the difference between fpxq and f rxs.

Given sets X, Y , we write f : X Ñ Y and say that f is a function from X to Y if f is a function
with dompfq “ X and ranpfq Ď Y . The class of all functions from X to Y is denoted by XY .

Exercise 1.17. Prove that for sets X, Y , the class XY is a set.

1.8. The Axiom of Infinity
As a reminder, we are currently assuming that

U |ù Ext` Empty ` Pair ` Union` Pow ` Comp.
This is already a fairly rich system of axioms. Nevertheless, it is still insufficient. In particular, it
does not imply the existence of any infinite sets (for example, the powerset of a finite set is still
finite). This issue is remedied by the so-called Axiom of Infinity, or Inf for short. The aim of this
axiom is to assert the existence of a specific infinite set, namely the set of all natural numbers.
Recall that we represent natural numbers by sets in the following way:

0 :“ ∅, 1 :“ t0u, 2 :“ t0, 1u, . . . , n` 1 :“ t0, 1, . . . , nu “ nY tnu, . . . . (1.6)
Bearing this in mind, how do we describe the set

t0, 1, 2, 3, . . .u?
The challenge here lies in the use of the “. . . ” symbol, which is imprecise and cannot be invoked in
the formal language of set theory. To eliminate it, we rely on the following observation: the set of
all natural numbers is the smallest set that contains 0 and is closed under the operation n ÞÑ n` 1.

Formally, we say that a set X is inductive if ∅ P X and @x px P X Ñ xY txu P Xq.

Exercise 1.18. Let F be a nonempty set all of whose elements are inductive. Show that the set
Ş

F is also inductive.

We now add the following axiom to our list:
Infinity (Inf)

There exists an inductive set.

Theorem 1.15. There is a unique inductive set ω such that for every inductive set X, ω Ď X.

Proof. It follows from Ext that such a set ω, if it exists, must be unique. To prove existence, let
ω be the following class:

ω :“ tx : @X pX is inductive ÝÑ x P Xqu.

12



By Inf, there exists some inductive set X, and since ω Ď X by definition, we see that ω is a set by
Comp. The very definition of ω insures that ω is contained in every inductive set. It remains to
verify that ω is itself inductive, which is left as an exercise. �

From now on, we shall use ω to denote the smallest inductive set whose existence and uniqueness
are established in Theorem 1.15. The elements of ω are called natural numbers. Note that, mostly
for historical reasons, set-theorists use ω instead of N to denote the set of all natural numbers. While
this notation is somewhat unusual, it will be useful to us, as it emphasizes that ω is a member of
the universe U—i.e., a certain vertex of the digraph we are working with—which is not the same
thing as the collection N of all natural numbers understood in the “intuitive” sense. That being
said, for each particular “usual” natural number, such as 5, there exists a well-defined corresponding
element of ω. For example, letting n` 1 :“ nY tnu for all n P ω, the “ordinary” natural number 5
corresponds to the following element of ω:

pppp0` 1q ` 1q ` 1q ` 1q ` 1, (1.7)
where “0” is a different name for ∅. For convenience, we use “5” to denote the set (1.7) (and the
same convention extends to all other “ordinary” natural numbers, such as 2024). However, it is
important to keep in mind that we are not allowed to use what we know about “standard” natural
numbers to deduce properties of the elements of ω; instead, we must rely on the axioms of set theory
and the definition of ω given by Theorem 1.15.

Example 1.16. How do we prove that for all n P ω, either ∅ “ n or ∅ P n? (This property must
hold if (1.6) is indeed true.) The only thing we can use is the definition of ω, i.e., the fact that ω is
the smallest inductive set. This necessitates a proof by induction. Let

P :“ tn P ω : ∅ “ n_∅ P nu.

By definition, P Ď ω, and hence, by Comp, P is a set. Now we observe that P is inductive:
∅ P P : This is true by the definition of P (and since ∅ P ω).
If n P P , then nYtnu P P : If n P P Ď ω, then, since ω is inductive, we have nYtnu P ω. As n P P ,
we have n “ ∅ or ∅ P n. In the first case, nY tnu “ t∅u and ∅ P t∅u, so nY tnu “ t∅u P P . In
the second case, ∅ P n Ď nY tnu, so nY tnu P P again.

Since P is inductive and ω is the smallest inductive set, we conclude that ω Ď P . It follows that
P “ ω by Comp.

1.9. Class functions and the Axiom Schema of Replacement
A useful technique for defining new sets that we explored in §§1.6 and 1.7 was to start with a ground
set X, apply the powerset operation a few times, and then pass to a subset using Comprehension.
But what will happen if we use the Infinity Axiom to iterate the powerset operation an unbounded
number of times?

To be specific, consider the following recursive construction of sets Vn for n P ω:
V0 :“ ∅,
V1 :“ PpV0q “ t∅u,
V2 :“ PpV1q “ t∅, t∅uu,
V3 :“ PpV2q “ t∅, t∅u, tt∅uu, t∅, t∅uuu,
. . . . . .

Vn`1 :“ PpVnq,

. . . . . .
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Can we now form the set
Vω :“

ď

nPω

Vn “
ď

tVn : n P ωu?

Thanks to the Union Axiom, for Vω to be a set we just need to ensure that U :“ tVn : n P ωu is
a set. The difficulty here is that U cannot be “captured” by applying the powerset operation to
the empty set any bounded number of times (and the empty set seems to be the only place we can
start). As a result, we have no larger set from which U can be carved out by Comprehension. This
raises the question: What makes us think that U is a set at all? Remember our motto from §1.6:

If a class is “small,” then it is a set.
Now, the elements of U “ tVn : n P ωu are indexed by the natural numbers, which shows that U
is “not larger than” ω (even though it is not a subset of ω!), and hence it ought to be a set. This
intuition is captured by the Axiom Schema of Replacement. To state it precisely, we need some
terminology and notation.

A class function Φ is a formula ϕpx, yq with two free variables (and possibly with parameters
from U) such that for all x P U, there is at most one y P U such that ϕpx, yq holds; in symbols,

@x@y@z
`

pϕpx, yq ^ ϕpx, zqq ÝÑ y “ z
˘

.

Given a class function Φ corresponding to a formula ϕpx, yq, we define the following classes:
‚ the domain of Φ: dompΦq :“ tx : Dy ϕpx, yqu,
‚ the range of Φ: ranpΦq :“ ty : Dxϕpx, yqu.

(Compare this to the definitions in §1.7.) Unsurprisingly, for x P dompΦq, we write Φpxq to denote
the unique y P ranpΦq such that ϕpx, yq. Given classes C and D, the notation Φ: CÑ D means that
Φ is a class function with dompΦq “ C and ranpΦq Ď D.

Here are some examples of class functions with domain equal to U:
‚ the identity function x ÞÑ x given by the formula x “ y,
‚ the function x ÞÑ txu given by the formula @z pz P y ÐÑ z “ xq,
‚ the function x ÞÑ Ppxq (exercise!),
‚ for any fixed set a, the function x ÞÑ xYa, given by the formula @z pz P y Ø pz P x_z P aqq
(note that here a is used as a parameter),

‚ for any fixed set a, the constant function x ÞÑ a (exercise!),
‚ the function x ÞÑ xY txu, which yields the successor operation on ω (exercise!).

Exercise 1.19. Give further interesting examples of class functions.

If C is a class and Φ is a class function, then the image of C under Φ is the class

ΦrCs :“ ty : Dx px P C^ Φpxq “ yqu.

Replacement (Rep)

The image of a set under a class function is a set. I.e., if A is a set and Φ is a class function,
then ΦrAs is a set.

Note that, like Comprehension, Replacement is an axiom schema that includes one axiom for
every formula that defines a class function.

Exercise 1.20. Write out explicitly the sentences without parameters in the language of set theory
that are contained in the Replacement Schema (by analogy with (1.5)).
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Example 1.17. It is worth remarking that for specific class functions Φ, the Replacement Schema
often follows from the other axioms. For example, by applying it to the powerset function P, we see
that for each set A, the following is also a set:

PrAs :“ tPpxq : x P Au.

However, to establish this fact we don’t have to invoke Replacement: as PrAs Ď Pp
Ť

Aq, it is a set
by Union, Pow, and Comp.

Let us now go back to the set U :“ tVn : n P ωu. By the Replacement Schema, to show it is a
well-defined set, we only need to argue that the mapping ω Ñ U : n ÞÑ Vn is a class function, i.e.,
there is a formula ϕpx, yq such that

ϕpx, yq ðñ x P ω and y “ Vx.

This is surprisingly tricky, because the definition of the set Vx is recursive, and the language of set
theory does not have a “built-in” mechanism for talking about recursion. The following (rather
ingenious) way to express recursive definitions using the language of set theory is called Dedekind’s
formalization of recursion. The idea is this: in order to confirm that y “ Vx, we have to list all
the sets V0, V1, . . . , Vx in order and then check that the resulting sequence satisfies the recursive
definition. (We will encounter this idea in a more general context again later.) In other words, what
we want to say is something along these lines: We have y “ Vx if and only if

x P ω and there exist sets W0, W1, . . . , Wx such that:
‚ W0 “ ∅,
‚ Wi`1 “ PpWiq for all i ă x, and
‚ Wi “ y.

This is still not quite a formula in the language of set theory, because of the “. . . ” symbol. But this
can be remedied by asking for the existence of a single set, namely the function

W : n` 1 Ñ U : i ÞÑWi,

which, as a set, is equal to

W “ tp0,W0q, p1,W1q, . . . , px,Wxqu.

(Recall that for x P ω, we have x` 1 “ t0, 1, . . . , xu.) Thus, we have y “ Vx if and only if
x P ω and there exists a function W with dompW q “ x` 1 such that:
‚ W p0q “ ∅,
‚ for each i ă x, W pi` 1q “ PpW piqq, and
‚ W pxq “ y.

Exercise 1.21 (tedious but useful for building character). Write this down as an actual formula.
You may find it helpful to keep in mind that a class function can be defined by a formula with
parameters. For example, you may use ω as a parameter in your formula. (That being said, the
above definition can also be written as a formula without parameters.)

Exercise 1.22 (harder than it looks!). Prove that this formula actually defines a class function
whose domain is all of ω. (Hint: You will need to use the formal definition of ω as the smallest
inductive set; see Example 1.16 for inspiration.)

The following corollary of the Replacement Schema provides another interpretation of the “small
classes are sets” motto:

Proposition 1.18. There is no injective class function from a proper class to a set.
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Proof. Suppose, toward a contradiction, that Φ: C Ñ A is an injective class function from a
proper class C to a set A. By Comp, ranpΦq Ď A is a set. Since Φ is injective, we can define a class
function Ψ: ranpΦq Ñ C by letting Ψpyq be the unique x P C with Φpxq “ y. Then ΨrAs “ C is a
set by Replacement, which contradicts the assumption that C is a proper class. �

Exercise 1.23. Show that there is no set-to-one class function from a proper class to a set. (A
class function Φ is set-to-one if for all y, the class tx : Φpxq “ yu is a set.)

If f is a function in U (see §1.7), then f gives rise to the class function Φ given by
Φpxq “ y :ðñ fpxq “ y ðñ px, yq P f.

(The formula defining Φ uses f as a parameter.) In general, given a class function Φ, we say that Φ
is a set function if there is a set f in U such that f is a function satisfying

@x@y pfpxq “ y ÐÑ Φpxq “ yq.

Exercise 1.24. Show that if Φ is a class function whose domain is a set, then Φ is a set function.

1.10. The axiom system ZF´

All the axioms that we have introduced so far form an axiom system denoted by ZF´:
ZF´ “ Ext` Empty ` Pair ` Union` Pow ` Comp` Inf ` Rep.

There are still two axioms missing for the complete system ZFC: the Axiom of Foundation, AF and
the Axiom of Choice, AC.ii However, we will only introduce these axioms a little later, when their
role in the foundations of set theory will become more apparent. For now, we will be working in the
system ZF´, which already is quite rich and sufficient for a good deal of interesting mathematics.

Some of the axioms of ZF´ are redundant, as the following exercises show:

Exercise 1.25. Deduce Comp from the rest of the axioms of ZF´.

Exercise 1.26. Deduce Pair from the rest of the axioms of ZF´.

iiThere is missed opportunity here of simply denoting the system Z instead of ZF´. Unfortunately, the “F” in
“ZFC” stands for “Fraenkel,” not “Foundation.”
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2. Problem set 1
The default axiom system for the following exercises is ZF´.

Exercise 2.1. For each of the following properties, write down an explicit formula without parameters
in the language of set theory asserting that a set x has this property:

(a) “x is an ordered pair,”
(b) “x is a function,”
(c) “x is a natural number.”

Exercise 2.2. Let R Ď AˆA be a relation on a set A. We say that R is:
‚ reflexive if xRx for all x P A,
‚ symmetric if for all x, y P A, xR y implies y Rx,
‚ transitive if for all x, y, z P A, if xR y and y R z, then xR z.

A relation is called an equivalence relation if it is reflexive, symmetric, and transitive. If R is an
equivalence relation on A, then, given x P A, the R-equivalence class of x is the set

rxsR :“ ty P A : xR yu “ Rrtxus.

The class trxsR : x P Au is called the quotient of A by R and denoted by A{R.

(a) Show that A{R is a set. Do you need to use Replacement?

A partition of a set A is a set F of pairwise disjoint sets such that
Ť

F “ A.

(b) Show that if R is an equivalence relation on a set A, then A{R is a partition of A.
(c) Conversely, suppose that F is a partition of a set A. Show that there is a unique equivalence

relation R on A such that F “ A{R.

Exercise 2.3. Prove that the following classes are sets:
(a) X X Y for all sets X, Y ,
(b) XzY for all sets X, Y ,
(c)

Ş

X :“ ta : @Y P X pa P Y qu for every nonempty set X
(d) XY :“ tf : f is a function from X to Y u for all sets X, Y .

Exercise 2.4. Prove that tf : f is a functionu is a proper class.

Exercise 2.5 (this is Exercise 1.24 in the main text). Recall that a class function Φ is a set function
if there is a set f P U such that f is a function and

@x@y py “ fpxq ÐÑ y “ Φpxqq.
Show that a class function Φ is a set function if and only if dompΦq is a set.

Exercise 2.6 (this is Exercise 1.26 in the main text). Show that the Pairing Axiom follows from
the rest of the axioms of ZF´.
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3. Ordinals, transfinite recursion, and the Axiom of Foundation
In this section, we work in a universe U that satisfies the axiom system ZF´.

3.1. Well-ordered classes and sets
Let C be a class and let ă be a class relation on C, i.e., a formula ϕpx, yq with two free variables x,
y (and possibly with parameters from U) such that

@x@y pϕpx, yq ÝÑ x P C^ y P Cq.

We shall write x ă y to indicate that ϕpx, yq holds.

Exercise 3.1. Let S be a set and let ă be a class relation on S. Show that ă is actually a set
relation, that is, the class tpx, yq P S ˆ S : x ă yu is a set.

We call ă a strict partial order(ing) on C if:
(P1) ă is irreflexive, i.e., @x px ă xq; and
(P2) ă is transitive, i.e., @x@y@z ppx ă y ^ y ă zq Ñ x ă zq.

Exercise 3.2. Show that a strict partial order ă is asymmetric, i.e., @x@ypx ă y Ñ  py ă xqq.

When dealing with a strict partial order ă, we adopt the usual convention of writing x ď y to
mean x ă y _ x “ y and use y ą x as an equivalent to x ă y.

A strict partial order ă on a class C is called linear, or total, if
@x, y P C px “ y _ x ă y _ y ă xq,

i.e., if every two members of C are comparable. A linear order ă on a class C is a well-ordering if
it satisfies the following two extra conditions:
(W1) if S Ď C is a nonempty subset of C, then S has a ă-least element, i.e., Dx P S @y P S px ď yq;
(W2) for each member x P C, its initial segment SxpCq :“ ty P C : y ă xu is a set.
Notice that if ă is a linear order on a set S, then ă automatically satisfies (W2). In other words,

(W2) is only relevant when C is a proper class.

Proposition 3.1. Let ă be a well-ordering on a class C. If D Ď C is a nonempty subclass of C,
then D has a ă-least element.

Proof. This is an apparent strengthening of (W1), since D may be a proper class. Thankfully,
we can use (W2) to reduce the situation to the set case. Indeed, D is nonempty, so let x P D be an
arbitrary member of D. By (W2) and Comp, S :“ DX SxpCq is a set. If S is empty, then x itself is
a ă-least element of D. Otherwise, by (W1), the set S has a ă-least element, which is then also a
ă-least element of D. �

3.2. Ordinals
A set A is transitive if every element of A is also a subset of A, i.e., if

@x@y px P y ^ y P A ÝÑ x P Aq.

An ordinal is a set α such that:
(O1) α is transitive; and
(O2) α is well-ordered by the relation P.

(To be more accurate, we should be saying that α is well-ordered by the restriction of P to α, i.e.,
by the relation Pæα :“ tpx, yq P αˆ α : x P yu.) The class of all ordinals is denoted Ord.

Exercise 3.3. Verify that Ord is indeed a class.
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Exercise 3.4. Suppose that α is an ordinal. Show that every element of α is also an ordinal.

Exercise 3.5. Let α P Ord. Show that α R α.

Let α P Ord. The successor of α is the set α` 1 :“ αY tαu.

Proposition 3.2. Let α P Ord. Then α` 1 P Ord as well.

Proof. We need to check that α` 1 is transitive and well-ordered by P.
To show the transitivity of α` 1, take any β P α` 1 “ αY tαu. Then either β P α, in which case

β Ď α Ă α` 1 by the transitivity of α, or else, β “ α Ă α` 1.
To prove that α` 1 is well-ordered by P, consider any nonempty subset S Ď α` 1. If S X α ‰ ∅,

then, since α is an ordinal, S X α has a P-least element, which is also a P-least element for S.
Otherwise, i.e., if S X α “ ∅, then S “ tαu, so α is the P-least (and unique) element of S. �

Corollary 3.3. ω Ď Ord.

Proof. Since ∅ is an ordinal, it follows from the above proposition that ω XOrd is an inductive
set, and thus ω XOrd Ě ω. �

Exercise 3.6. Prove that ω is an ordinal.

Theorem 3.4 (Well-ordering of ordinals). The class Ord is well-ordered by the membership relation
P (or, more precisely, by the restriction PæOrd).

We split the proof of Theorem 3.4 into a few lemmas.

Lemma 3.5. The restriction of the relation P to Ord is a strict partial order.

Proof. The membership relation on the ordinals is irreflexive due to Exercise 3.5. To prove
transitivity, suppose that α, β, γ are ordinals such that α P β P γ. Since γ is a transitive set, β Ď γ,
and hence α P γ as well, as desired. �

Lemma 3.5 justifies using the following notational convention: Given ordinals α and β, we write
α ă β to mean α P β. Note the following key property of ordinals:

α “ tγ P Ord : γ ă αu.

Let C be a class equipped with a strict partial order ă. We say that a subclass D Ď C is downward
closed if for all x P D and y P C, if y ă x, then y P D.

Lemma 3.6. Let α be an ordinal and suppose that D Ď α is a downward closed subset. Then
either D “ α or D P α. In particular, D is an ordinal.

Proof. Suppose that D ‰ α and let β be the least element of αzD. Since α is totally ordered, D is
downward closed, and β R D, every element of D must be less than β. In other words, every element
of D belongs to β, i.e., D Ď β. On the other hand, if γ ă β—which is the same as γ P β—then
γ P α (by the transitivity of α) but, by the choice of β, γ cannot belong to αzD. Thus, γ P D and
hence β Ď D. This shows that D “ β P α. �

Lemma 3.7 (Trichotomy). Let α, β P Ord. Then α “ β, or α ă β, or β ă α.

Proof. Let γ :“ αX β. Then γ is a downward closed subset of both α and β (exercise!), thus γ
is an ordinal and one of the following four cases occurs:

Case 1: γ “ α and γ “ β. In this case α “ β.
Case 2: γ “ α and γ ă β. In this case α ă β.
Case 3: γ ă α and γ “ β. In this case β ă α.
Case 4: γ ă α and γ ă β. In this case γ P αX β “ γ, which contradicts Exercise 3.5. �
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Proof of Theorem 3.4. We already know that the ordinals are totally ordered. It remains to
check conditions (W1) and (W2).

(W1) Let S Ď Ord be a nonempty set of ordinals. Pick any α P S. If α is the least element of S,
then we are done. Otherwise, S X α is a nonempty subset of α, hence S X α has a least element,
which is then also a least element of S.

(W2) If α P Ord, then SαpOrdq “ tγ P Ord : γ ă αu “ α is a set. �

Corollary 3.8. Ord is a proper class.

Proof. If Ord were a set, it would itself be an ordinal. But then we would have Ord P Ord,
contradicting Exercise 3.5. �

Exercise 3.7 (important). Show that a downward closed set of ordinals is itself an ordinal.

Exercise 3.8. Show that if α P Ord, then there is no ordinal β with α ă β ă α` 1, i.e., α` 1 is
the least ordinal greater than α.

A ordinal α is a successor if α “ β ` 1 for some β P Ord. An ordinal α is a limit if α ‰ 0 and α
is not a successor.

Exercise 3.9. Show that every positive natural number is a successor.

Exercise 3.10. Show that ω is a limit.

Exercise 3.11. Show that α P Ord is a successor if and only if there exists a largest ordinal β ă α,
in which case α “ β ` 1.

Exercise 3.12. Show that a positive ordinal α is a limit if and only if α “
Ť

α (i.e., α “
Ť

γăα γ).

3.3. Transfinite recursion
Let E be a class function (“E” for “extension”). A (set) function f is E-inductive if:

(I1) the domain of f is an ordinal α :“ dompfq;
(I2) for all β ă α, we have fpβq “ Epfæβq.

As a reminder, here fæβ denotes the restriction of f to all the ordinals less than β.

Lemma 3.9. Let α be an ordinal and let E be a class function. If f , g : α Ñ U are E-inductive
functions, then f “ g.

Proof. Suppose f ‰ g and let β ă α be the least ordinal such that fpβq ‰ gpβq. As fpγq “ gpγq
for all γ ă β, we have fæβ “ gæβ. But then fpβq “ Hpfæβq “ Hpgæβq “ gpβq; a contradiction. �

Theorem 3.10 (Transfinite recursion). Let α P Ord and let E be a class function such that every
E-inductive function g : γ Ñ U whose domain is an ordinal γ ă α belongs to dompEq. Then there is
a unique E-inductive function f : αÑ U.

Technically, this is a theorem schema comprising one sentence for each class function E.

Proof. Uniqueness follows from Lemma 3.9, so it remains to prove existence. Suppose, toward a
contradiction, that there is no E-inductive function f : αÑ U. We may, without loss of generality,
assume that α is the least ordinal with this property; that is, for every γ ă α, there is a (unique)
E-inductive function gγ : γ Ñ U. At this point, it is worth noting that the assignment αÑ U : γ ÞÑ gγ
is a class function (since the statement “x is an ordinal less than α and y is an E-inductive function
with domain x” can be expressed as a formula in the language of set theory).

Note that α ą 0, since the empty function ∅ : 0 Ñ U is E-inductive (condition (I2) holds vacuously
for this function). Hence, we have two cases to consider:
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Case 1: α “ β ` 1 for some β P Ord. Define f : αÑ U by

fpγq :“
#

gβpγq if γ ă β;
Epgβq if γ “ β.

Then f is an E-inductive function with domain α (exercise!), contradicting the choice of α.
Case 2: α is a limit ordinal. Note that tgγ : γ ă αu is a set by Rep, and thus we can define

f :“
ď

tgγ : γ ă αu.

Then f is again an E-inductive function with domain α (exercise; you will need to invoke Exercise 3.12
for this), and we are done. �

There is also a class version of this theorem:
Theorem 3.11 (Transfinite recursion, class version). Let E be a class function such that every
E-inductive function belongs to dompEq. Then there is a unique class function F : Ord Ñ U such
that for all α P Ord, the function Fæα is E-inductive.
Proof. It follows from Theorem 3.10 that the following definition works: Fpαq “ y if and only if
α P Ord and there exists an E-inductive function f : pα` 1q Ñ U with fpαq “ y. �

3.4. The von Neumann universe and the Axiom of Foundation
As a representative application of transfinite recursion, we can extend the construction from §1.9 to
all ordinals by defining a class function Ord Ñ U : α ÞÑ Vα as follows:

Vα :“
ď

tPpVγq : γ ă αu “
ď

γăα

PpVγq. (3.1)

Formally, we apply Theorem 3.11 to the class function E given by
Epfq :“

ď

tPpfpxqq : x P dompfqu for all functions f.

It is immediate from (3.1) that Vγ Ď Vα when γ ď α. As a result, we have Vβ`1 “ PpVβq for all
β P Ord. On the other hand, Exercise 3.12 implies that Vα “

Ť

γăα Vγ when α is a limit ordinal.
Thus, the sets Vα can be equivalently defined as follows:

Vα :“

$

’

&

’

%

∅ if α “ 0,
PpVβq if α “ β ` 1,
Ť

tVγ : γ ă αu if α is a limit ordinal.
(3.2)

(In practice, it is common to give recursive definitions that distinguish between successors and limits
in this way.) The class V :“

Ť

tVα : α P Ordu is called the von Neumann universe (named after
John von Neumann). For x P V , the least α P Ord such that x P Vα is called the rank of x and is
denoted by rankpxq. Observe that rank : V Ñ Ord is a class function.
Exercise 3.13. Let x P V . Then the rank of x is a successor ordinal.
Exercise 3.14. Let y P x P V . Then y P V and rankpyq ă rankpxq.
Exercise 3.15 (important). If α is an ordinal, then rankpαq “ α` 1. Hence, OrdX Vα “ α. (Hint:
Let α be the least ordinal such that rankpαq ‰ α` 1. . . Also, use (3.1), not (3.2).)
Proposition 3.12. We have x P V if and only if @y P x py P V q.
Proof. The “only if” direction is given by Exercise 3.14. For the “if” direction, suppose that all
elements of x are in V . By Replacement, trankpyq : y P xu is a set, so β :“

Ť

trankpyq : y P xu is
a downward closed set of ordinals, and hence it is itself an ordinal by Exercise 3.7. It remains to
observe that for each y P x, y P Vrankpyq Ď Vβ, so x P PpVβq “ Vβ`1, and therefore rankpxq ď β ` 1.
(In fact, rankpxq “ β ` 1—exercise.) �
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The class V comprises sets that can be built staring from the empty set by repeatedly applying
the powerset operation (where the number of repetitions is indexed by an arbitrary ordinal—so it
may be very infinite). Our next axiom says that these are the only sets we care about:

Foundation (AF)

U “ V .

Note that AF can be stated as a sentence in the language of set theory, but a very complicated
one: “for all x, there is an ordinal α such that x P Vα” relies on the definition of ordinals and the
recursive definition of the sets Vα. However, it turns out that AF is equivalent to a much simpler
sentence, which just says that every nonempty set is disjoint from at least one of its elements:

Theorem 3.13. Assuming ZF´, the Axiom of Foundation is equivalent to the following statement:

@x
`

x ‰ ∅ ÝÑ Dy py P x^ xX y “ ∅q
˘

. (3.3)

Proof. U “ V ùñ (3.3). Take ∅ ‰ x P V . Consider the set trankpyq : y P xu. (It is indeed a set
by Rep.) This is a nonempty set of ordinals, so it has a least element, say α. Let y be an arbitrary
element of x with rankpyq “ α. We claim that y X x “ ∅, as desired. Indeed, by the choice of α,
every element of x has rank at least α. On the other hand, by Exercise 3.14, every element of y has
rank strictly less than α. This means that x and y cannot have any elements in common.

(3.3) ùñ U “ V . Assuming (3.3), we have to argue that every set x belongs to some Vα, α P Ord.
We first handle the case when x is a transitive set:

Lemma 3.14. Assume (3.3). If x is a transitive set, then x P V .

Proof. Suppose, toward a contradiction, that x R V . By Proposition 3.12, not all elements of x are
in V , i.e., the set x1 :“ xzV is nonempty (it is a set by Comp). By (3.3), there is an element y P x1
such that y X x1 “ ∅. Since y P x1 Ď x, we have y P x, and thus, by the transitivity of x, y Ď x. As
y X x1 “ ∅, we conclude that y Ď xzx1 “ x X V . In other words, every element of y is in V . By
Proposition 3.12 again, we see that y P V . This is a contradiction as y P x1 “ xzV . b

To reduce to the transitive set case, we need one more lemma (which is useful in its own right):

Lemma 3.15 (Transitive closure). For every set x, there is a transitive set y such that x Ď y.

Proof. Define a function ω Ñ U : n ÞÑ yn recursively as follows:

y0 :“ x, yn`1 :“
ď

yn.

This definition tacitly relies on the following result:

Exercise 3.16. Show that every nonzero n P ω is a successor.

Let y :“
Ť

tyn : n P ωu. Of course, x “ y0 Ď y. Also, if z P y, then z P yn for some n P ω and hence
z Ď

Ť

yn “ yn`1 Ď y, as desired. b

It is not hard to see (exercise!) that the set y constructed in the above proof of Lemma 3.15 is
the smallest transitive superset of x; that is, if z Ě x is any transitive set, then y Ď z. This set y is
called the transitive closure of x.

Now we can finish the proof of Theorem 3.13. Let x be any set and let y be its transitive closure.
By Lemma 3.14, there is an ordinal α such that y Ď Vα, and hence x Ď Vα as well. Then x P Vα`1,
and we are done. �

The axiom system ZF´`AF is denoted by ZF. For the remainder of this section, we will continue
working in ZF´ rather than ZF, except when explicitly stated otherwise.
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The Axiom of Foundation implies that no set can be its own element. Indeed, if x P x, then txu
is a nonempty set whose one element, i.e., x, satisfies xX txu ‰ ∅. (Another way to see this is by
using Exercise 3.14.) More generally, we have the following:

Proposition 3.16 (ZF). There is no infinite sequence of sets such that x0 Q x1 Q x2 Q ¨ ¨ ¨ . More
precisely, there is no function x : ω Ñ U such that xpn` 1q P xpnq for all n P ω.

Proof. Suppose for contradiction that such a function x : ω Ñ U exists and consider the set
xrωs “ txpnq : n P ωu. For any element xpnq P xrωs, we have xpn` 1q P xpnq X xrωs, so xrωs is a
counterexample to (3.3). An alternative approach is to use Exercise 3.14 and observe that the set
trankpxpnqq : n P ωu has no least element. �

Exercise 3.17 (ZF). Let C be a class such that for all sets x, if every element of x is in C, then x
is in C as well. Show that C “ U.

The following consequence of AF is occasionally useful:

Lemma 3.17 (ZF; subset choice). Let X be a set and let R be a class of ordered pairs such that
for each x P X, the class Rx :“ ty : px, yq P Ru is nonempty. Then there is a function f : X Ñ U

such that for each x P X, fpxq is a nonempty subset of Rx.

Proof. For each x P X, let αpxq be the least ordinal in the (nonempty) class trankpyq : y P Rxu.
Since each Vα is a set, the function f given by fpxq :“ Vαpxq X Rx has the desired properties. �

3.5. Ordinals as isomorphism types of well-orderings
Theorem 3.18 (Well-ordered sets). Let pA,ăq be a well-ordered set. Then there exists a unique
ordinal α that is order-isomorphic to pA,ăq. Furthermore, the isomorphism f : αÑ A is unique.

The unique ordinal α that is order-isomorphic to a well-ordered set pA,ăq is called the order-type,
or simply the type, of pA,ăq, and is denoted by typepA,ăq or just typepăq.

Proof. The uniqueness part is left as an exercise. We will establish the existence. Let pA,ăq be
a well-ordered set. The idea is to define f recursively as follows:

fpβq :“ minpAzf rβsq passuming f rβs ‰ Aq.

Recall that f rβs here stands for the image of the set β “ tγ P Ord : γ ă βu under f ; that is,
f rβs “ tfpγq : γ ă βu.

In other words, we let fpβq be the ă-least element of A that comes after all fpγq’s with γ ă β. If
at some point we reach a stage where f rβs “ A, then f yields a desired order-isomorphism between
β and A. Otherwise, f will be defined on all ordinals, i.e., it will be an injective—in fact, strictly
increasing—class function from Ord to A, which is impossible.

To make this argument rigorous, suppose, toward a contradiction, that pA,ăq is not isomorphic
to any ordinal. Let E be the class function such that

Epfq “ y :ðñ ranpfq Ĺ A and y “ minpAzranpfqq.
By definition, a function f : αÑ U is E-inductive if for all β ă α, we have

fpβq “ Epfæβq “ minpAzranpfæβqq “ minpAzf rβsq.
To apply transfinite recursion, we have to verify the assumptions of Theorem 3.11; that is, we need
to show that every E-inductive function belongs to dompEq.

Claim 3.19. Let f : αÑ U be an E-inductive function. Then:
(a) ranpfq Ď A,
(b) f is injective,
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(c) f is strictly increasing,
(d) ranpfq ‰ A, and
(e) f P dompEq.

Proof. (a) Since f is E-inductive, we have fpβq “ minpAzf rβsq P A for all β ă α.
(v) Let γ, β ă α be distinct. Without loss of generality, we may assume that γ ă β. Then γ P β,

and so fpγq P f rβs. On the other hand, fpβq “ minpAzf rβsq R f rβs. Hence, fpγq ‰ fpβq.
(c) Suppose that γ ă β ă α. Then γ Ď β, so Azf rγs Ě Azf rβs, and hence

fpγq “ minpAzf rγsq ď minpAzf rβsq “ fpβq.

Since f is injective, fpγq ‰ fpβq, and so fpγq ă fpβq, as desired.
(d) If ranpfq were equal to A, then f : α Ñ A would be a strictly increasing bijection, i.e., an

order-isomorphism. But we have assumed that pA,ăq is not isomorphic to any ordinal.
(e) The domain of E consists precisely of functions whose image is a strict subset of A, and we

have ranpfq Ĺ A by (a) and (d). b

Now we can apply Theorem 3.11 to conclude that there exists a class function F : Ord Ñ U such
that for each ordinal α, the function Fæα is E-inductive. But then F is an injective (in fact, strictly
increasing) class function from Ord to A, which is a contradiction. �

Theorem 3.20 (Well-ordered classes). Let pC,ăq be a well-ordered proper class. Then there is a
unique order-isomorphism Φ: Ord Ñ C (i.e., a bijective strictly increasing class function).

Exercise 3.18. Prove Theorem 3.20. Hint: You will have to use (W2).
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4. Introduction to the Axiom of Choice
In this section, we continue working in a universe U that satisfies the axiom system ZF´. (The
results that additionally rely on the Axiom of Foundation will be explicitly marked as such.)

4.1. Choice functions
A choice function for a set X is a mapping choice : X Ñ

Ť

X such that choicepxq P x for all x P X.
An obvious necessary requirement for X to have a choice function is that ∅ R X.

Example 4.1. Suppose that X “ txu, where x ‰ ∅. Then there is a choice function for X. Indeed,
since x ‰ ∅, there is an element y P x. Using the Pairing Axiom a few times, we prove the existence
of the ordered pair px, yq (Proposition 1.9). Using Pair once more, we see that there exists the set
f :“ tpx, yqu. It remains to observe that f is a choice function for X.

Example 4.2. Now let X “ tx1, x2, x3u, where x1, x2, x3 are distinct and nonempty. We claim
that X has a choice function. Indeed, let y1 P x1, y2 P x2, y3 P x3 be arbitrary elements (which
exist since the xi’s are nonempty). By Proposition 1.9, there are ordered pairs px1, y1q, px2, y2q, and
px3, y3q. Then, using Pair and Union, we establish the existence of the set

f :“ tpx1, y1q, px2, y2q, px3, y3qu,

which is a desired choice function forX. A similar argument would work for, sayX “ tx1, x2, . . . , x100u,
except that Pair and Union will need to be applied more times.

The above examples can be generalized as follows:

Definition 4.3 (Finite and infinite sets). A set X is finite if there is a bijection nÑ X for some
n P ω. Otherwise, X is infinite.

Exercise 4.1 (surprisingly challenging). Show that ω is infinite.

Proposition 4.4 (Finite choice: only assuming ZF´). Let X be a finite set such that ∅ R X. Then
there is a choice function for X.

Proof. We proceed by induction on the natural number n such that there is a bijection nÑ X
(which is the only approach we can use since that’s how ω is defined). That is, we argue that

C :“
 

n P ω : @X
`

p∅ R X ^ D a bijection nÑ Xq ÝÑ D a choice function for X
˘(

.

is an inductive set. Clearly, 0 P C (as ∅ is a choice function for ∅). Now suppose that n P C and
consider any set X such that ∅ R X and there is a bijection x : pn` 1q Ñ X, i.e.,

X “ txp0q, xp1q, . . . , xpnqu.
Let X 1 :“ txpiq : i ă nu (or, more concisely, X 1 “ xrns). Since n P C by assumption and xæn is a
bijection from n to X 1, the set X 1 has a choice function f 1. As the set xpnq is nonempty, there is an
element y P xpnq. Now we use Pair and Union to define

f :“ f 1 Y tpxpnq, yqu.

By construction, f is a choice function for X. This shows that n` 1 P C, as desired. �

Exercise 4.2. Where does the above inductive argument break down if there is a bijection ω Ñ X?

Even if X is infinite, it may be possible to construct a choice function for X using only the axioms
of ZF. For example, suppose that X “ Ppωqzt∅u, the set of all nonempty subsets of ω. Then X has
a choice function, namely the mapping f : X Ñ ω given by

fpxq :“ min x.
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On the other hand, can you find a choice function for X “ PpPpωqqzt∅u (or, what’s essentially the
sameiii, X “ PpRqzt∅u)? It turns out that this challenge requires the use of an additional axiom,
namely the famous—or rather infamous—Axiom of Choice:

Choice (AC)

If X is a set such that ∅ R X, then there is a choice function for X. In symbols,
@X

`

∅ R X ÝÑ Df pf is a function ^ dompfq “ X ^ @x P Xpfpxq P xqq
˘

.

The axiom system ZF ` AC is denoted by ZFC. It is the generally accepted axiom system in
mathematics (meaning that if someone claims to prove a theorem without specifying the axioms
explicitly, they are most likely working in ZFC). We also write ZFC´ for ZF´ ` AC (i.e., ZFC
without the Axiom of Foundation). The odium traditionally directed at AC is an outcome of its
“non-constructive” nature: in contrast to the axioms (Pair, Pow, Comp, etc.) that provide conditions
under which some specific classes must be sets, AC asserts that a set with certain properties—namely,
a choice function—exists without first describing it as a class. As a result, while we know that a
choice function for, say, PpPpωqqzt∅u exists, we don’t know what it is or how to compute it.

It is important to keep in mind that the existence of a choice function for a particular set X
does not always depend on the Axiom of Choice (for example, see Proposition 4.4). More generally,
despite its name, the Axiom of Choice does not need to be invoked every time a mathematician says
something like “choose x so that. . . ” (most of the time, this is just an application of the definition
of a nonempty set).

4.2. Recursion and choice
The Axiom of Choice often makes recursive definitions easier, as it allows making arbitrary choices
on each step of the construction. The next result is an instance of this phenomenon:

Proposition 4.5 (ZFC´). If X is an infinite set, then there is an injection ω Ñ X.

Proof. We wish to define a function f : ω Ñ X recursively by letting fpnq be an arbitrary element
of X distinct from fp0q, fp1q, . . . , fpn´ 1q; such an element must exist because X is infinite. In
other words, we wish to use a recursive definition of the following form:

fpnq :“ an arbitrary element of Xzf rns. (4.1)
(Recall that f rns “ tfp0q, fp1q, . . . , fpn´1qu.) The issue is that (4.1) does not fit into the framework
of Theorem 3.10 because its right-hand side is not of the form Epfænq for some class function E.
This is where the Axiom of Choice comes in handy: We fix a choice function choice : PpXqzt∅u Ñ X
for the family of all nonempty subsets of X and define f : ω Ñ X by

fpnq :“ choicepXzf rnsq.
Formally, we apply Theorem 3.10 to α “ ω and the class function E given by

Epgq “ y :ðñ ranpgq Ĺ X and y “ choicepXzranpgqq.
Note that the formula with two free variables g and y that defines the class function E uses both X
and choice as parameters. (Writing this formula out in detail is a valuable exercise.)

We now check the assumptions of Theorem 3.10. By definition, if n P ω and a function g : nÑ U

is E-inductive, then gpiq “ choicepXzgrisq for all i ă n. Therefore, if j ă i ă n, then gpjq P gris
and gpiq P Xzgris, and hence gpjq ‰ gpiq, so g : n Ñ X is injective. As X is infinite, g cannot be
surjective. We conclude that ranpgq Ĺ X and g P dompEq. Thus, Theorem 3.10 can be applied to
obtain an E-inductive function f : ω Ñ X, which is injective, as desired. �

iiiIn set theory, it is common to refer to the subsets of ω as “the reals.”
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We remark that Proposition 4.5 cannot be proved from ZF alone (assuming ZF is consistent, i.e.,
the axioms are not contradictory).

Exercise 4.3. Show, without using AC, that if A is an infinite set, then for every n P ω, there is an
injection nÑ A. (Hint: induction on n.)

Exercise 4.4. Assuming ZFC´, show that AF is equivalent to the statement that there is no function
x : ω Ñ U with xpn` 1q P xpnq for all n P ω. (One direction is given by Proposition 3.16.)

4.3. The Well-Ordering Theorem
By extending the construction in the proof of Proposition 4.5, we arrive at the following result,
known as the Well-Ordering Theorem:

Theorem 4.6 (Zermelo). Assuming ZF´, the following statements are equivalent:
(1) the Axiom of Choice,
(2) for every set A, there is a well-ordering ă on A,
(3) for every set A, there is an ordinal α and a bijection αÑ A.

The fact that every set can be well-ordered is one of the less intuitive consequences of AC. For
example, how would you well-order the set Ppωq (or the real numbers)?

Proof. First we note the equivalence (ii) ðñ (3). Indeed, if ă is a well-ordering on A, then A is
in a bijection with the ordinal typepA,ăq by Theorem 3.18. Conversely, if f : A Ñ α P Ord is a
bijection, then the relation ă on A given by

x ă y :ðñ fpxq ă fpyq

is a well-ordering. The implication (ii) ùñ (1) is also clear. Indeed, suppose (ii) holds and let X be
a set with ∅ R X. Fix any well-ordering ă on

Ť

X and define choice : X Ñ
Ť

X by
choicepxq :“ min x.

Clearly, choice is a choice function for X.
It remains to establish the implication (1) ùñ (3). Here the argument almost verbatim repeats

the proof of Theorem 3.18, but instead of using a well-ordering to pick the least element of Azf rβs
on each step, we use a choice function provided by AC (this is also very similar to the approach we
employed in the proof of Proposition 4.5). Specifically, let A be a set and suppose for contradiction
that there is no bijection between A and any ordinal. Fix a choice function choice : PpAqzt∅u Ñ A
for the family of all nonempty subsets of A. We will use Theorem 3.11 to define an injective class
function F : Ord Ñ A via the following recursive formula:

Fpβq :“ choicepAzFrβsq.
More precisely, let E be the class function given by

Epgq “ y :ðñ ranpgq Ĺ A and y “ choicepAzranpgqq.
By definition, a function f : αÑ U is E-inductive if for all β ă α, we have fpβq “ choicepAzf rβsq.
An argument analogous to the one in the proof of Proposition 4.5 shows that such f is an injective,
but not surjective, function from α to A. Thus, we can apply Theorem 3.11 to obtain an injective
class function F : Ord Ñ A, which is a contradiction. The details are left as an exercise. �
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5. Problem set 2
The default axiom system for the following exercises is ZF´.

Exercise 5.1.
(a) Let α, β P Ord and let f : αÑ β be a strictly increasing function. Show that γ ď fpγq for

all γ ă α and deduce that α ď β.
(b) Show that if two ordinals α, β are order-isomorphic, then α “ β and the only isomorphism

from α to β is the identity map.

Exercise 5.2. Let X be a set of ordinals.

(a) Show that the class XÒ :“ tα P Ord : @β P X pβ ď αqu is nonempty.

Since XÒ is a nonempty class of ordinals, XÒ has a least element. The least element of XÒ is
called the supremum of X and is denoted by supX. To wit, the supremum of X is the least ordinal
greater than or equal to every element of X.

(b) Show that
Ť

X is an ordinal.
(c) Conclude that supX “

Ť

X.

Exercise 5.3 (part (a) is basically Exercise 3.12 in the main text).
(a) Let α be a nonzero ordinal. Show that α is a limit if and only if α “ supα.
(b) Let X be a nonempty set of ordinals. Show that if supX R X, then supX is a limit.

Exercise 5.4. Let Φ: Ord Ñ Ord be a class function with the following properties:
‚ for all α, β P Ord, if α ď β, then Φpαq ď Φpβq,
‚ if α is a limit ordinal, then Φpαq “ suptΦpγq : γ ă αu.

Show that Φ has a fixed point, i.e., an ordinal α such that Φpαq “ α.

Exercise 5.5 (part (a) is Exercise 1.23 in the main text).
(a) Show that there is no set-to-one class function from a proper class to a set. (A class function

Φ is set-to-one if for all y, the class tx : Φpxq “ yu is a set.)
(b) Assuming AF, show that a class C is proper if and only if there is a surjective class function

from C to Ord.

Exercise 5.6. Assuming ZF, prove that the Axiom of Choice is equivalent to the following statement:

For every set X and every proper class C, there exists an injection f : X Ñ C.
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6. Cardinality
6.1. Comparing sizes of sets
In this section we continue working in the axiom system ZF´, unless explicitly stated otherwise.
Given sets A, B, we write A À B to mean that there is an injection AÑ B and A « B to mean
that there is a bijection AÑ B (in which case we say that A and B are equinumerous). Intuitively,
A « B if A and B have “the same number” of elements, while A À B if A has “not more” elements
than B. The following properties of the relations À and « are immediate:

Exercise 6.1. Prove that for all sets A, B, C:
‚ A « A,
‚ A Ď B implies A À B,
‚ A « B implies B « A,
‚ A À B À C implies A À C,
‚ A « B « C implies A « C.

Note also that A À B if and only if A is equinumerous with a subset of B.

Definition 6.1 (Finite, infinite, countable, uncountable). Recall from Definition 4.3 that a set X
is finite if X « n for some n P ω, and otherwise X is infinite. A set X is called countable if X À ω
(note that finite sets are countable); otherwise, X is uncountable.

Note that, although X « X for every set X, an injective function f : X Ñ X may fail to be
bijective. For example, the map f : ω Ñ ω given by fpnq :“ n` 1 is injective but not surjective.

Definition 6.2 (Dedekind-finite and Dedekind-infinite). A set X is called Dedekind-finite if every
injective function X Ñ X is surjective, and Dedekind-infinite otherwise.

By Proposition 4.5, if AC holds, then a set is Dedekind-infinite if and only if it is infinite. In
general, we have the following:

Exercise 6.2. Prove (without using AC) that the following statements are equivalent for any set X:
(1) X is Dedekind-infinite,
(2) ω À X.

Next we establish an important property of the relations À and «:

Theorem 6.3 (Cantor/Schröder–Bernstein). For any sets A, B,
A « B ðñ A À B and B À A.

Proof. The (ùñ) direction is an easy exercise. Now we need to prove that if A À B and B À A,
then A « B. To this end, suppose that f : A Ñ B and g : B Ñ A are injections. We recursively
define sets An and Bn for all n P ω as follows:
A0 :“ Azranpgq, Bn :“ f rAns, An`1 :“ grBns, and let A1 :“

ď

nPω

An, B
1 :“

ď

nPω

Bn.

Since Bn “ f rAns for all n P ω, B1 “ f rA1s and hence fæA1 is a bijection from A1 to B1. Consider
the sets A2 :“ AzA1 and B2 :“ BzB1. It is a routine exercise to check that gæB2 is a bijection from
B2 to A2. Therefore, the following function h : AÑ B is a desired bijection between A and B:

hpaq :“
#

fpaq if a P A1,
g´1paq if a P A2.

We emphasize that this proof is performed in ZF´ (in particular, it does not require AC). �
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6.2. There is always a bigger set
Is there a “largest” set? The following classical result of Cantor says “no”:

Theorem 6.4 (Cantor). For every set X, we have X À PpXq but PpXq Â X.
Moreover, there is a class function Cantor defined by a formula without parameters such that,

given any set X and a function f : X Ñ PpXq, we have
CantorpX, fq P PpXqzranpfq

(in other words, CantorpX, fq witnesses that f is not surjective).

Proof. Clearly, X À PpXq via the function x ÞÑ txu. We shall now verify the “moreover” part
of the statement, from which it follows that there is no surjective function X Ñ PpXq and thus,
in particular, X ff PpXq. Since X À PpXq, this implies that PpXq Â X by the Cantor/Schröder–
Bernstein Theorem 6.3 (see also Exercise 6.3).

Given a set X and a function f : X Ñ PpXq, we define
CantorpX, fq :“ tx P X : x R fpxqu.

Clearly, Cantor is a class function defined by a formula without parameters, and CantorpX, fq Ď X.
It remains to show CantorpX, fq R ranpfq. For brevity, let A :“ CantorpX, fq and suppose, toward
a contradiction, that A “ fpxq for some x P X. Now we ask: Is x an element of A? (This is very
reminiscent of Russell’s paradox.) Consider the two cases:

‚ If x P A, then, by the definition of A, we have x R fpxq “ A, which is a contradiction.
‚ On the other hand, if x R A, then x R fpxq (because fpxq “ A), and hence, by the definition
of A, x P A, which is again a contradiction.

Since we arrive at a contradiction in both cases, it follows that no such x exists, i.e., A R ranpfq. �

Exercise 6.3. Show that if ∅ ‰ A À B, then there is a surjective function B Ñ A.

Exercise 6.4 (ZFC´). Show that if there is a surjective function B Ñ A, then A À B. (It is an
open problem whether this statement is equivalent to AC!)

Theorem 6.5 (Hartogs). For every set X, there is α P Ord such that α Â X.

Proof. This result has an easy proof assuming AC. Indeed, if AC holds, then, by Theorem 4.6,
PpXq « α for some ordinal α, and α Â X by Theorem 6.4. What’s remarkable, however, is that
Hartogs’ theorem can also be proved without relying on AC. In particular, the set X may not be
equinumerous with any ordinal, yet there still must exist an ordinal that doesn’t inject into it.

For a choiceless proof of Hartogs’ theorem, consider the following class:
S :“ tα P Ord : α À Xu. (6.1)

It suffices to show that S is a set, since then S cannot be equal to Ord. To this end, we can use
Theorem 3.18: Every injection f : α Ñ X gives rise to a well-ordering on ranpfq Ď X of type α;
conversely, for any well-ordering ă on a subset Y Ď X, there is a bijection typepăq Ñ Y , and hence
typepăq P S. To summarize,

S “ ttypepăq : ă is a well-ordering on a subset of Xu.
Now, every well-ordering on a subset of X is itself a subset of X ˆX; hence

W “ tă : ă is a well-ordering on a subset of Xu Ď PpX ˆXq

is a set by Comp. Therefore, S “ ttypepăq : ă PW u is also a set by Rep, and we are done. �

Exercise 6.5. Let X be a set and let S be given by (6.1). Show that this set S actually is the least
ordinal such that there is no injection S Ñ X.
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From Theorem 6.5, we can deduce another formulation of AC, which very clearly demonstrates
its role in the structure of the universe of sets:

Theorem 6.6. Assuming ZF´, the following statements are equivalent:
(1) the Axiom of Choice;
(2) for each pair of sets A, B, we have A À B or B À A (or both).

Proof. (1) ùñ (2). Assume AC and let A and B be sets. By Theorem 4.6, there exist ordinals α
and β such that A « α and B « β. Without loss of generality, say α ď β. Then A « α Ď β « B,
and hence A À B.

(2) ùñ (1). Assume (2). We will show that every set can be well-ordered. Indeed, take a set X.
By Hartogs’ theorem, there is an ordinal α such that α Â X. By (2), this means that X À α, i.e.,
there is an injection f : X Ñ α. Then the relation ă on X given by x ă y :ðñ fpxq ă fpyq is a
well-ordering, and we are done. �

6.3. Cardinals
A set X is well-orderable if there exists a well-ordering on X. (By Theorem 4.6, AC is equivalent to
the assertion that every set is well-orderable.) It follows from Theorem 3.18 that X is well-orderable
if and only if X is equinumerous with some ordinal. Thus, we may define the cardinality |X| of a
well-orderable set X as follows:

|X| :“ mintα P Ord : X « αu.

By definition, X « |X|. It is important to keep in mind that the notation |X| is only defined for
well-orderable sets X. That being said, assuming AC, every set has a well-defined cardinality.

Note that every ordinal is, by definition, well-orderable, and hence it has a well-defined cardinality.
An ordinal κ is called a cardinal if there is no bijection from κ to a strictly smaller ordinal. In other
words, κ P Ord is a cardinal if and only if κ “ |κ|. The class of all cardinals is denoted Card.

Proposition 6.7. If κ P Card, γ P Ord, and κ À γ, then κ ď γ.

Proof. Suppose for contradiction that γ ă κ. Then γ Ă κ and thus γ À κ. By the Cantor/Schröder–
Bernstein theorem, we must have κ « γ, which is impossible as γ ă κ and κ is a cardinal.

An alternative proof that avoids the Cantor/Schröder–Bernstein theorem proceeds as follows.
Suppose f : κ Ñ γ is an injection from a cardinal κ to an ordinal γ. The set ranpfq Ď γ is well-
ordered by the usual ordering on the ordinals (i.e., the membership relation), so, by Theorem 3.18,
there exists an order-isomorphism h : δ Ñ ranpfq for some ordinal δ. Since h is a strictly increasing
map from δ to γ, it follows that δ ď γ (see Exercise 5.1). But the composition h´1 ˝ f : κÑ δ is a
bijection from κ to δ, which is only possible if δ ě κ as κ is a cardinal. Therefore, γ ě δ ě κ, as
desired. �

If X is a well-orderable set, then |X| must be a cardinal. Thanks to Proposition 6.7, comparing
sizes of well-orderable sets turns into comparing their cardinalities in the usual ordering on Ord:

Proposition 6.8. If A, B are well-orderable sets, then
‚ A « B ðñ |A| “ |B|,
‚ A À B ðñ |A| ď |B|.

Proof. Immediate from Proposition 6.7. �

The notion of cardinality, when it is available, makes many arguments musch easier. For example,
here’s a proof of the Cantor/Schröder–Bernstein theorem assuming AC:

Proof of Theorem 6.3 assuming AC. Suppose A À B and B À A. Assuming AC, this is equiva-
lent to |A| ď |B| and |B| ď |A|, which implies |A| “ |B|, i.e., A « B, as desired. �
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Note that every ordinal α satisfies |α| ď α. Also, if κ P Card, then
κ “ tα P Ord : α ă κu

looooooooooomooooooooooon

this is true whenever κ P Ord

“ tα P Ord : |α| ă κu. (6.2)

The next results give some examples of cardinals.

Theorem 6.9. Every natural number is a cardinal.

Proof. We need to show that if n ă m ă ω, then m ff n. To this end, it suffices to argue that
n` 1 Â n, i.e., there is no injective function pn` 1q Ñ n. We proceed by induction on n.

First, we note that there is no injective function 1 Ñ 0, as there is in fact no function 1 Ñ 0 at
all (it is impossible to have a function from a nonempty set to ∅).

Now suppose that n` 1 Â n for some n ă ω. Our goal is to show that n` 2 Â n` 1 (where n` 2
means pn`1q`1, of course). Suppose, toward a contradiction, that f : pn`2q Ñ pn`1q is an injection
and consider two cases depending on whether n is in the set f rn` 1s “ tfp0q, fp1q, . . . , fpnqu.

Case 1: n R f rn ` 1s. Then for all i ď n, we have fpiq ă n. That is, fæpn` 1q is an injection
from n` 1 to n, which cannot exist by the inductive hypothesis.

Case 2: n P f rn` 1s. This means that fpiq “ n for some i ď n, and thus j :“ fpn` 1q ă n. But
then the following map g : pn` 1q Ñ n is an injection:

gpkq :“
#

j if k “ i,

fpkq if k ‰ i.

Thus, we arrive at a contradiction in both cases, completing the proof. �

Corollary 6.10. ω is a cardinal.

Proof. Otherwise we would have n` 1 Ă ω « n for some n ă ω, contradicting Theorem 6.9. �

On the other hand, ω ` 1 is not a cardinal, as we have ω ` 1 « ω:

0 1 2 3 4
. . . . . . . . . . . .

ω

0 1 2 3 4
. . . . . . . . . . . .

More generally, an infinite cardinal cannot be of the form β ` 1 for any ordinal β:

Proposition 6.11. Every infinite cardinal is a limit ordinal.

Proof. We argue that an infinite successor ordinal is not a cardinal. If β ` 1 is infinite, then
β ě ω. We claim that then β ` 1 « β. Indeed, the following map f : pβ ` 1q Ñ β is a bijection:

fpγq :“

$

’

&

’

%

γ ` 1 if γ ă ω,

γ if ω ď γ ă β,

0 if γ “ β.

Therefore, β ` 1 is not a cardinal. �

Nevertheless, for each ordinal α there is a cardinal κ ą α. Indeed, by Hartogs’ Theorem 6.5,
there is an ordinal β such that β Â α, which is equivalent to |β| ą α. It follows that Card is a
proper class (exercise!). We emphasize that this argument does not use AC. For each cardinal κ, its
cardinal successor, denoted by κ`, is the least λ P Card such that κ ă λ.
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Example 6.12. We have 0` “ 1, 1` “ 2, and, more generally, n` “ n` 1 for all n ă ω. On the
other hand, by Proposition 6.11, if κ is an infinite cardinal, then κ` ą κ` 1.

Consider the class Cardzω of all infinite cardinals. It is a proper subclass of Ord, and as such
it is well-ordered (by the usual ordering on the ordinals). By Theorem 3.20, there exists a unique
order-isomorphism ℵ : Ord Ñ Cardzω (read “aleph”), mapping each ordinal α to the corresponding
infinite cardinal ℵα. For instance, ℵ0 “ ω and ℵ1 “ ω` is the least uncountable cardinal. In general,
we have ℵ`α “ ℵα`1 for every ordinal α.

From (6.2), it follows that given κ P Card, we can define κ` explicitly as follows:
κ` “ tα P Ord : |α| ď κu.

For instance, ℵ1, i.e., the least uncountable cardinal, is the set of all countable ordinals. Even more
explicitly, using the fact that ordinals are isomorphism types of well-orderings, we see that

ℵ1 “ ttypepăq : ă is a well-ordering on ωu.
That is, there are precisely ℵ1-many isomorphism types of well-orderings of the natural numbers.

We say that κ is a successor cardinal if κ “ λ` for some cardinal λ ă κ; if κ is positive and not
a successor cardinal, then we call it a limit cardinal.

Example 6.13. ω is the least limit cardinal. The next smallest limit cardinal is ℵω. In general, ℵα
for α ą 0 is a limit cardinal if and only if α is a limit ordinal (exercise!).

Recall that, assuming AC, every set has a well-defined cardinality. In particular, |Ppωq| is an
infinite cardinal, called the cardinality of the continuum and denoted by c. Then we have c “ ℵα for
some ordinal α. What is this α? We know that Ppωq is uncountable—hence α ą 0—by Theorem 6.4.
A famous conjecture of Cantor is that α “ 1:

Continuum Hypothesis (CH), formulation assuming AC

c “ ℵ1.

Although the above version of CH relies on AC to make c well-defined, there is also a natural way
to state it that makes sense even if Ppωq is not well-orderable:

Continuum Hypothesis (CH), formulation without AC

If a set A satisfies ω À A À Ppωq, then ω « A or A « Ppωq.

Famously, CH is an example of a natural mathematical statement that can be neither proved
nor disproved using the axioms of ZFC alone (assuming ZFC is consistent, i.e., the axioms are not
contradictory). The fact that CH cannot be disproved in ZFC was shown by Kurt Gödel in 1940,
while Paul Cohen demonstrated in 1963 that CH cannot be proved either. Later in this course,
we will prove Gödel’s result (i.e., the consistency of CH); in fact, we will show that the following
stronger assertion, called the Generalized Continuum Hypothesis, can’t be refuted in ZFC (again,
assuming ZFC itself is consistent):

Generalized Continuum Hypothesis (GCH)

Assuming AC: For every infinite cardinal κ, |Ppκq| “ κ`.
Without AC: If X is an infinite set and X À A À PpXq, then X « A or A « PpXq.
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7. Ordinal arithmetic
7.1. Addition and multiplication of ordinals
In this section, a linearly ordered set is a pair X “ pX,ăXq where ăX is a strict linear ordering on
X. In order to unclutter the notation, when there is no possibility of confusion, we will sometimes
simply use the symbol ă to denote the linear ordering on X (just like we use the same symbol ă to
denote the well-ordering on each ordinal α) and sometimes conflate X with its underlying set X.

For a pair of sets X, Y , we define their disjoint union as follows:
X \ Y :“ pX ˆ t0uq Y pY ˆ t1uq.

The idea of this definition is that X ˆ t0u and Y ˆ t1u are disjoint sets such that X « X ˆ t0u and
Y « Y ˆ t1u, so X \ Y is formed by taking the union of a “copy” of X and a “copy” of Y that are
disjoint from each other.
Exercise 7.1. Let X, Y be sets and let ιX : X Ñ X \Y and ιY : Y Ñ X \Y be the maps given by

ιXpxq :“ px, 0q and ιY pyq :“ py, 1q for all x P X, y P Y .
Show that for every set Z and every pair of injections f : X Ñ Z and g : Y Ñ Z, there exists a
unique map h : X \ Y Ñ Z such that f “ h ˝ ιX and g “ h ˝ ιY .
Definition 7.1 (Addition of linear orders). Let X “ pX,ăXq and Y “ pY,ăY q be linearly ordered
sets. The sum of X and Y is the linear order X ‘Y “ pX\Y,ăq, where for all pa, iq, pb, jq P X\Y ,

pa, iq ă pb, jq :ðñ

$

’

&

’

%

i “ 0 and j “ 1, or
i “ j “ 0 and a ăX b, or
i “ j “ 1 and a ăY b.

Informally, X ‘ Y is obtained by taking a copy of X and placing a copy of Y following it:
. . . . . .

X

. . . . . .

Y

(In the above illustration, the elements are ordered left-to-right.)
Exercise 7.2. Check that if X and Y are linearly ordered sets, then X ‘ Y is linearly ordered as
well. Moreover, show that if X and Y are well-ordered, then so is X ‘ Y .
Definition 7.2 (Addition of ordinals). Let α, β P Ord. We view α and β as sets well-ordered by
the usual ordering on the ordinals (i.e., the membership relation). By Exercise 7.2, α‘ β is also a
well-ordered set, and we define the sum of α and β as its order-type:

α` β :“ typepα ‘ βq.

Example 7.3. We have 2` 2 “ 4. Indeed, the ordering on 2 ‘ 2 is
p0, 0q ă p1, 0q ă p0, 1q ă p1, 1q,

which is isomorphic to the standard ordering on the set 4:
0 ă 1 ă 2 ă 3.

Proposition 7.4. For all α P Ord, the successor of α is the sum of α and 1 (i.e., our notation α` 1
for the successor of α is consistent).
Proof. The following map f is an order-isomorphism from the successor of α to α\ 1:

fpγq :“
#

pγ, 0q if γ ă α,

p0, 1q if γ “ α.
�
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Exercise 7.3. Verify the following facts about addition of ordinals:
‚ Addition of ordinals is associative.
‚ For all α P Ord, 0` α “ α` 0 “ α.

In general, addition of ordinals is not commutative. For example, we have
1` ω “ ω ‰ ω ` 1.

To see that 1` ω “ ω, we observe that the map f given by
fpn, iq :“ n` i

is an order-isomorphism from 1 ‘ ω to ω; see the illustration below:

1
. . . . . .

ω

. . . . . .

ω

Exercise 7.4. Prove that n` ω “ ω for all n ă ω, but ω ` ω ą ω.

Exercise 7.5. Show that for ordinals α, β, we have α ě β if and only if there exists an ordinal γ
such that α “ β ` γ.

Definition 7.5 (Multiplication of linear orders). Let X “ pX,ăq and Y “ pY,ăq be linearly
ordered sets. The product of X and Y is the linear order X b Y “ pX ˆ Y,ăq, where

px, yq ă px1, y1q :ðñ y ă y1 or py “ y1 and x ă x1q.

(Note that we compare the second coordinates first.) Informally, X b Y is obtained by taking a
copy of Y and replacing each element in it by a copy of X:

. . .

X

. . .

X

. . .

X

. . .

X

. . . . . . . . .

Y

Exercise 7.6. Check that if X and Y are linearly ordered sets, then X b Y is linearly ordered as
well. Moreover, show that if X and Y are well-ordered, then so is X b Y .

Definition 7.6 (Multiplication of ordinals). Let α, β P Ord. Viewing α and β as well-ordered sets,
we see that by Exercise 7.6, α b β is also well-ordered. Hence, we can define the product of α and
β as the order-type or α b β:

αβ :“ typepα b βq.

Example 7.7. Every ordinal α satisfies α ¨ 2 “ α` α (for instance, 2 ¨ 2 “ 4). This is because the
ordered sets α ‘ α and α b 2 are literally equal to each other: we have

α\ α “ pαˆ t0uq Y pαˆ t1uq “ αˆ t0, 1u “ αˆ 2,
and the orderings on this set given by Definitions 7.1 and 7.5 coincide.

Exercise 7.7. Verify the following facts about multiplication of ordinals:
‚ Multiplication of ordinals is associative.
‚ For all α P Ord, 0 ¨ α “ α ¨ 0 “ 0.
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‚ For all α P Ord, 1 ¨ α “ α ¨ 1 “ α.

Proposition 7.8. For all ordinals α, β, γ, we have αpβ ` γq “ αβ ` αγ. That is, multiplication of
ordinals is left-distributive over addition.

Proof. Intuitively, the ordered sets α b pβ ‘ γq and pα b βq‘ pα b γq are isomorphic because
they both look like this:

. . .

α

. . .

α

. . .

α

. . . . . . . . .

β

. . .

α

. . .

α

. . .

α

. . . . . . . . .

γ

Explicitly, the following mapping is an order-isomorphism from α b pβ ‘ γq to pα b βq‘ pα b γq:
`

δ
loomoon

ă α

, p ε
loomoon

ă β if i “ 0,
ă γ if i “ 1

, i
loomoon

0 or 1

q
˘

ÞÑ
`

pδ, εq, i
˘

.

The details are left as an exercise. �

In general, multiplication of ordinals is not commutative. For instance, 2 ¨ ω “ ω ‰ ω ` ω “ ω ¨ 2.
(Exercise: check that 2 ¨ ω is indeed equal to ω.) Also, multiplication is not right-distributive:

p1` 1q ¨ ω “ ω ‰ ω ` ω “ 1 ¨ ω ` 1 ¨ ω.

Of course, for certain ordinals α, β, we do have α ` β “ β ` α and αβ “ βα. For example, the
arithmetic on the natural numbers has all the expected properties.

Theorem 7.9. If n, m ă ω, then n`m “ m` n.

Proof. The proof is by induction on m. If m “ 0, then n` 0 “ 0` n “ n by Exercise 7.3. Now
suppose that for somem ă ω, we have n`m “ m`n. Our goal is to show that n`pm`1q “ pm`1q`n.
To that end, we write

n` pm` 1q “ pn`mq ` 1 (associativity)
“ pm` nq ` 1 (inductive hypothesis)
“ m` pn` 1q (associativity)
?
“ m` p1` nq
“ pm` 1q ` n. (associativity)

The only missing step is to argue that 1` n “ n` 1. This we show by induction on n. If n “ 0,
then 1` 0 “ 0` 1 “ 1. Now suppose we have 1` n “ n` 1 for some n ă ω and want to conclude
that 1` pn` 1q “ pn` 1q ` 1. Using associativity and the inductive hypothesis, we obtain

1` pn` 1q “ p1` nq ` 1 “ pn` 1q ` 1,

and the proof is complete. �

Exercise 7.8. Show that if n, m ă ω, then nm “ mn.

Exercise 7.9. Show that if n, m ă ω, then n`m, nm ă ω as well.

In principle, one can now proceed to derive the entire subject of number theory from first principles
by rigorously establishing all the necessary facts about the arithmetic on the natural numbers.
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7.2. Recursive definitions for operations on ordinals
Recall from Exercise 5.2 that for a set X of ordinals, supX is the least ordinal greater than or equal
to every element of X, and we have supX “

Ť

X. The following lemma is extremely useful for
computing order-types of well-ordered sets:

Lemma 7.10. Let pX,ăq be a well-ordered set. If S is a set of downward closed subsets of X such
that X “

Ť

S, then
typepX,ăq “ sup

DPS
typepD,ăæDq.

Proof. For brevity, given A Ď X, we write typepAq :“ typepA,ăæAq. Our goal is to prove
typepXq “ sup

DPS
typepDq.

Let α :“ supDPS typepDq. To begin with, note that for each D P S,
typepDq – D Ď X – typepXq.

Hence, there is a strictly increasing map from typepDq to typepXq. By Exercise 5.1, it follows that
typepDq ď typepXq, and thus typepXq ě α. This part of the argument works when S is any subset
of PpXq (it doesn’t matter that its elements are downward closed and their union is X).

Now suppose for contradiction that α ă typepXq, i.e., α P typepXq. Let f : typepXq Ñ X be the
(unique) order-isomorphism between typepXq and pX,ăq and consider the element fpαq P X. Since
X “

Ť

S, there is D P S with fpαq P D. As D is downward closed and f is increasing, we have
fpβq P D for all β ď α. In other words, fætβ P Ord : β ď αu “ fæpα` 1q is a strictly increasing
function from α` 1 to D. By Exercise 5.1, it follows that α` 1 ď typepDq, which is a contradiction
as typepDq ď α. Therefore, typepXq “ α and the proof is complete. �

Using Lemma 7.10, we can describe addition and multiplication of ordinals via recursive formulas:

Theorem 7.11. For all α, β P Ord,

α` β “

$

’

&

’

%

α if β “ 0,
pα` γq ` 1 if β “ γ ` 1,
supγăβpα` γq if β is a limit,

αβ “

$

’

&

’

%

0 if β “ 0,
αγ ` α if β “ γ ` 1,
supγăβpαγq if β is a limit.

Proof. We already know that α ` 0 “ α and α ` pγ ` 1q “ pα ` γq ` 1. Suppose β is a limit
ordinal. Then β “

Ť

γăβ γ (Exercise 3.12), so

α ‘ β “
ď

γăβ

pα ‘ γq.

Moreover, for each γ ă β, the set α\ γ is clearly downward closed in α ‘ β, so, by Lemma 7.10,
α` β “ typepα ‘ βq “ sup

γăβ
typepα ‘ γq “ sup

γăβ
pα` γq.

The proof for multiplication is similar and left as an exercise. �

Depending on the situation, it may be more convenient to analyze addition and multiplication of
ordinals directly using the definition or via the recursive formulas from Theorem 7.11. For example,
it is clear from Theorem 7.11 that addition and multiplication are strictly monotone in the second
argument, meaning that if γ ă β, then α ` γ ă α ` β and αγ ă αβ. Note, however, that these
operations are monotone, but not strictly monotone, in the first argument. In other words, if γ ă α,
then we have γ ` β ď α ` β and γβ ď αβ, but neither inequality must be strict. For example,
1` ω “ 2` ω and 1 ¨ ω “ 2 ¨ ω.

Recursive formulas analogous to the ones in Theorem 7.11 give a useful general strategy for defining
operations on ordinals. As an example, here is a recursive definition of ordinal exponentiation:
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Definition 7.12 (Exponentiation of ordinals). Given ordinals α, β, we define an ordinal αβ using
the following recursive formula:

αβ “

$

’

&

’

%

1 if β “ 0,
αγ ¨ α if β “ γ ` 1,
supγăβ αγ if β is a limit.

Exercise 7.10. Verify the following facts about exponentiation of ordinals:
‚ For all α P Ord, α0 “ 1.
‚ If 0 ă α P Ord, then 0α “ 0.
‚ For all α P Ord, α1 “ α and 1α “ 1.
‚ For all α, β, γ P Ord, αβ`γ “ αβ ¨ αγ and pαβqγ “ αβγ .

Note that there are ordinals α, β, γ such that pαβqγ ‰ αγβγ . For example,

pω ¨ 2q2 “ ω ¨ 2 ¨ ω
loomoon

ω

¨2 “ ω2 ¨ 2 ă ω2 ¨ 22.

Exercise 7.11. Show that 2ω “ ω.

7.3. Application: Goodstein’s theorem
As an application of the machinery developed in this section, we shall now use infinitary techniques
to prove a surprising result from elementary number theory due to Reuben Goodstein. To state it,
we need a few definitions. Given a positive integer n and an integer b ě 2, a base-b expansion of n
is an expression of the form

n “ bk ¨ dk ` b
k´1 ¨ dk´1 ` ¨ ¨ ¨ ` b ¨ d1 ` d0,

where k P N and d0, . . . , dk are integers between 0 and b´ 1, called the digits of the expansion. It
is a well-known and easy fact that every n ě 1 has a base-b expansion for all b ě 2; furthermore, if
we additionally require that dk ‰ 0, then the base-b expansion of n is unique.iv For instance, the
base-2, base-3, base-6, and base-10 expansions of 100 are

100 “ 26 ` 25 ` 22 “ 34 ` 32 ¨ 2` 1 “ 62 ¨ 2` 6 ¨ 4` 4 “ 102.

(For better readability we have omitted the terms whose corresponding digits are 0 and simplified
the expressions such as bj ¨ 1 to bj .) The hereditary base-b expansion of n is obtained from the
ordinary base-b expansion by replacing every exponent by its own base-b expansion, then replacing
all the exponents inside the exponents by their base-b expansions, etc. This idea is best understood
through an example. Here are hereditary base-2 and base-3 expansions of 100:

100 “ 222`2 ` 222`1 ` 22 and 100 “ 33`1 ` 32 ¨ 2` 1. (7.1)

And here’s the hereditary base-2 expansion of 1000000:

1000000 “ 2222
`2`1 ` 2222

`2 ` 2222
`1 ` 2222

` 222`1`22`2 ` 222`1`1 ` 222`2.

A Goodstein sequence is a sequence pnbq2ďbăω of natural numbers obtained via the following
recursive construction. Start with any n2 P ω. Then, for each b ě 2, if nb “ 0, then set nb`1 :“ 0.
On the other hand, if nb ě 1, then nb`1 is obtained from nb by replacing each “b” in the hereditary
base-b expansion of nb by “b` 1” and then subtracting 1 from the result.

ivHere and throughout the remainder of these notes we shall take such basic facts about natural numbers for
granted, since this is a course in set theory, not number theory.
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Example 7.13. Let us find the first few terms of the Goodstein sequence starting with n2 “ 100.
To determine n3, we compute the hereditary base-2 expansion of n2, which is given by (7.1). We
then replace each “2” by “3” and subtract 1:

n3 “ 333`3 ` 333`1 ` 33 ´ 1 “ 228767924549636.

Next, we compute the hereditary base-3 expansion of n3, which is

228767924549636 “ 333`3 ` 333`1 ` 32 ¨ 2` 3 ¨ 2` 2,

replace each “3” by “4,” and subtract 1:

n4 “ 444`4 ` 444`1 ` 42 ¨ 2` 4 ¨ 2` 2 ´ 1 « 3 ¨ 10156.

As you can see, Goodstein sequences typically experience explosive growth. That is what makes
the following result so shocking:

Theorem 7.14 (Goodstein). Every Goodstein sequence reaches 0 in finitely many steps.

Example 7.15. Before we give a proof of Goodstein’s theorem, it is worthwhile to consider what
happens for small values of n2. The theorem is trivial for n2 “ 0. For n2 “ 1, we have n3 “ 0, while
for n2 “ 2, we have n3 “ 2, n4 “ 1, and n5 “ 0. If n2 “ 3, we reach 0 at the n7 stage:

n2 “ 3, n3 “ 3, n4 “ 3, n5 “ 2, n6 “ 1, n7 “ 0.

But already for n2 “ 4, the sequence seems to increase steadily:

n2 “ 4, n3 “ 26, n4 “ 41, n5 “ 60, n6 “ 83, n7 “ 109, . . .

Nonetheless, as Goodstein’s theorem predicts, it does reach 0 eventually. . . namely on step

3 ¨ 2402653211 ´ 1.

And with n2 “ 5, the sequence reaches 0 after the number of steps that is much, much greater than

10101010000
.

Proof. Here’s the proof idea: On step b, instead of merely replacing each b by b` 1, go “all in”
and replace each b by the infinite ordinal ω. Until we reach 0, this operation will produce a strictly
decreasing sequence of ordinals (due to subtracting 1 on each stage), which cannot be infinite.

Now to fill in some details. For each b ě 2, let Fb : ω Ñ Ord be the function defined as follows:
Fbp0q :“ 0, and to determine Fbpnq for n ě 1, we first compute the hereditary base-b expansion of n
and then replace each b by ω, interpreting the addition, multiplication, and exponentiation as the
corresponding operations of ordinal arithmetic. For instance, using (7.1), we see that

F2p100q “ ωω
ω`ω ` ωω

ω`1 ` ωω and F3p100q “ ωω`1 ` ω2 ¨ 2` 1.

It is important to keep in mind that the order of addition and multiplication matters (since the
operations of ordinal arithmetic are not commutative). Specifically, the terms are being added in
the decreasing order, and the multiplication by the digits is on the right.

Lemma 7.16. For each b ě 2, the function Fb : ω Ñ Ord is strictly increasing.

Proof. It is enough to show that for all n P N, we have Fbpn` 1q ą Fbpnq. The proof is by induction
on n. Note that Fbp0q “ 0 ă 1 “ Fbp1q. Now suppose that n ě 1 and for all m ă n, we have
Fbpm` 1q ą Fbpmq. Let the base-b expansion of n be

n “
k
ÿ

i“0
bi ¨ di.
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Set dk`1 :“ 0 and let j be the least index such that dj ‰ b´ 1. The standard elementary school
algorithm for addition with carry shows that the base-b expansion of n` 1 is

n` 1 “
k`1
ÿ

i“j`1
bi ¨ di ` bj ¨ pdj ` 1q.

Keeping in mind that, by the choice of j, bi “ n´ 1 for all i ă j, we see that

Fbpnq “
k`1
ÿ

i“j`1
ωFbpiq ¨ di ` ωFbpjq ¨ dj `

j´1
ÿ

i“0
ωFbpiq ¨ pb´ 1q;

and Fbpn` 1q “
k`1
ÿ

i“j`1
ωFbpiq ¨ di ` ωFbpjq ¨ pdj ` 1q.

(We emphasize that in the above expressions, the summation indicated by “
ř

” should be taken
in decreasing order.) Since ordinal addition is strictly monotone in the second argument, to prove
Fbpn` 1q ą Fbpnq, it suffices to argue that

ωFbpjq ą
j´1
ÿ

i“0
ωFbpiq ¨ pb´ 1q.

If j “ 0, then ωFbpjq “ 1 ą 0. On the other hand, if j ą 0, then, since, by the inductive hypothesis,
the function Fb is strictly increasing on t0, . . . , nu, we have

j´1
ÿ

i“0
ωFbpiq ¨ pb´ 1q “ ωFbpj´1q ¨ pb´ 1q ` ωFbpj´2q ¨ pb´ 1q ` ¨ ¨ ¨ ` ωFbp0q ¨ pb´ 1q

ď ωFbpj´1q ¨ ppb´ 1qjq ă ωFbpj´1q ¨ ω “ ωFbpj´1q`1 ď ωFbpjq,

as desired. b

Now consider an arbitrary Goodstein sequence pnbq2ďbăω. We associate to it a sequence of ordinals
pαbq2ďbăω by setting αb :“ Fbpnbq. If nb ě 1, then, by definition, nb`1 ` 1 is obtained from the
base-b expansion of nb by replacing each “b” by “b` 1.” Hence, by Lemma 7.16

αb “ Fbpnbq “ Fb`1pnb`1 ` 1q ą Fb`1pnb`1q “ αb`1.

Therefore, if nb ě 1 for all b, the sequence pαbq2ďbăω is an infinite strictly decreasing sequence of
ordinals, which is impossible. �

We remark that our use of infinitary techniques to prove Goodstein’s theorem is not coincidental.
With a little work, it is possible to formulate Theorem 7.14 without assuming any infinite sets exist.
For example, most of the general properties of ordinals we established did not rely on the Axiom of
Infinity, and although we used the Axiom of Infinity to define the natural numbers, it can be avoided
by saying that n is a natural number if and only if n is an ordinal and every ordinal m ď n` 1 is
either 0 or a successor. Using this definition as a starting point, a large part of number theory can be
developed without ever having to invoke the existence of infinite sets. Nevertheless, it was shown by
Laurence Kirby and Jeff Paris that although Goodstein’s theorem is a natural “finitary” statement
about elementary arithmetic, it cannot be proved using ZFC without the Axiom of Infinity.
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8. Cardinal arithmetic
8.1. Addition and multiplication of cardinals
Note that if X and Y are well-orderable sets, then X \ Y and X ˆ Y are also well-orderable (via
taking the sum or the product of arbitrary well-orderings on X and Y ). Therefore, these sets have
well-defined cardinalities, and the following definition makes sense:

Definition 8.1 (Addition and multiplication of cardinals). If κ and λ are cardinals, we define their
sum and product by

κ‘ λ :“ |κ\ λ| “ |κ` λ| and κb λ :“ |κˆ λ| “ |κλ|.

We remark that in the literature, it is common to denote the sum and the product of cardinals κ
and λ simply by κ` λ and κλ. However, we shall use the symbols ‘ and b to avoid confusion with
the operations of ordinal arithmetic.

Example 8.2. If n, m ă ω, then n ‘m “ n `m and n bm “ nm, because the finite ordinals
n`m and nm are cardinals. On the other hand, ω ‘ 1 “ |ω ` 1| “ ω ă ω ` 1.

Proposition 8.3. Addition and multiplication of cardinals are associative and commutative. Mul-
tiplication of cardinals distributes over addition. Every cardinal κ satisfies κ ‘ 0 “ κ, κ b 0 “ 0,
and κb 1 “ κ.

Proof. We will prove commutativity, leaving the rest of the properties as exercises. Take κ,
λ P Card. Then κ\λ « λ\κ via the map pγ, iq ÞÑ pγ, 1´ iq. Therefore, κ‘λ “ |κ\λ| “ |λ\κ| “
λ‘ κ. Similarly, κˆ λ « λˆ κ via the map pγδq ÞÑ pδ, γq, so κb λ “ |κˆ λ| “ |λˆ κ| “ λb κ. �

Theorem 8.4. Every infinite cardinal κ satisfies κb κ “ κ.

Before proving Theorem 8.4, we observe that it implies that arithmetic on infinite cardinals is
extremely simple:

Corollary 8.5. Let κ, λ P Card. If at least one of κ, λ is infinite, then

κ‘ λ “ maxtκ, λu.

If at least one of κ, λ is infinite and neither of them is 0, then

κb λ “ maxtκ, λu.

Proof. For concreteness, let λ ď κ and assume that κ ě ω. Clearly, κ À κ\ λ, so κ ď κ‘ λ. On
the other hand, since λ ď κ, we have κ\λ Ď κ\κ “ κˆt0, 1u Ď κˆκ, and thus κ‘λ ď κbκ “ κ.
Therefore, κ‘ λ “ κ, as desired. The part concerning multiplication is left as an exercise. �

Corollary 8.6. If A, B are infinite well-orderable sets, then |AYB| “ maxt|A|, |B|u.

Proof. Clearly, maxt|A|, |B|u ď |AYB|. On the other hand, we have a surjection A\B Ñ AYB
given by px, iq ÞÑ x. Therefore, |AYB| ď |A\B| “ |A| ‘ |B| “ maxt|A|, |B|u. �

Exercise 8.1. Show that if A is an infinite well-orderable set and B Ă A is a subset with |B| ă |A|,
then |AzB| “ |A|.

Proof of Theorem 8.4. Clearly, κ ď κb κ. Suppose, toward a contradiction, that κ is the least
cardinal such that κ ă κb κ.

Claim 8.7. Every cardinal λ ă κ satisfies λb λ ă κ.

Proof. If λ is finite, then λb λ ď ω ă κ (see Exercise 7.9). On the other hand, if λ is infinite, then
λb λ “ λ ă κ by the choice of κ. b
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Claim 8.8. There exists a well-ordering ă on κˆ κ such that for each ordinal γ ă κ, the set γ ˆ γ
is downward closed in ă.

Proof. We have pα, βq P γ ˆ γ if and only if α ă γ and β ă γ, or, equivalently, maxtα, βu ă γ. Let
� be an arbitrary well-ordering on κˆ κ (e.g., the one given by Definition 7.5) and define

pα, βq ă pα1, β1q :ðñ maxtα, βu ă maxtα1, β1u
or

`

maxtα, βu “ maxtα1, β1u and pα, βq� pα1, β1q
˘

.

It is an easy exercise that ă is a well-ordering. Furthermore, if pα, βq ă pα1, β1q P γ ˆ γ, then
maxtα, βu ď maxtα1, β1u ă γ,

so pα, βq P γ ˆ γ as well, which shows that γ ˆ γ is downward closed. b

Let ă be the well-ordering from Claim 8.8 and define, for each γ ă κ,
αγ :“ typepγ ˆ γ,ăæpγ ˆ γqq.

Since αγ « γ ˆ γ, we have |αγ | “ |γ ˆ γ| “ |γ| b |γ| ă κ by Claim 8.7, and hence αγ ă κ by (6.2).
It follows that κ ě supγăκ αγ . On the other hand, since κ is an infinite cardinal, it is a limit ordinal,
and thus κˆ κ “

Ť

γăκpγ ˆ γq. Therefore,
κ ě sup

γăκ
αγ

rby Lemma 7.10s “ typepκˆ κ,ăq ě |κˆ κ| “ κb κ ą κ,

a contradiction. �

Under AC, Theorem 8.4 shows that every infinite set X is equinumerous with XˆX. Remarkably,
this statement is actually equivalent to AC, as shown by Alfred Tarski; see Exercise 9.6.

The next result also relies on the Axiom of Choice:

Theorem 8.9 (ZFC´). The union of countably many countable sets is countable. More generally,
if κ, λ P Card and X is a set with |X| ď κ and |Y | ď λ for all Y P X, then |

Ť

X| ď κb λ.

Proof. We will prove the statement for countable sets, leaving the general case as an exercise.
Let X be a countable set of countable sets. Then there is a surjection f : ω Ñ X and, moreover,
for each Y P X, there is a surjection ω Ñ Y . Using AC, we obtain a function X Ñ U : Y ÞÑ gY
such that for each Y P X, gY : ω Ñ Y is a surjection. Then the map g : ω ˆ ω Ñ

Ť

X given by
gpn,mq :“ gfpnqpmq is surjective, and hence |

Ť

X| ď |ω ˆ ω| “ ℵ0, as desired. �

The use of AC in the proof of Theorem 8.9 is essential. For example, assuming ZF is consistent, it
is also consistent that ZF holds and Ppωq is the union of countably many countable sets!

8.2. Cardinal exponentiation
In this section we work in ZFC´, so every set has a well-defined cardinality. Recall that we use the
notation XY for the set of all functions from X to Y .

Definition 8.10 (Exponentiation of cardinals). Given cardinals κ, λ, the cardinal κλ is defined by
κλ :“ |λκ|.

A word of caution is in order. We have now defined two exponentiation operations: ordinal
exponentiation (Definition 7.12) and cardinal exponentiation (Definition 8.10). Unfortunately, they
use the same notation, so there is some possibility of confusion. We will always try to make it
clear which type of exponentiation we are referring to. In particular, most of the time we will be
concerned with cardinal exponentiation, and we will make a note whenever ordinal exponentiation
is meant. Also, we will typically write “ω” for the first infinite ordinal and “ℵ0” for the first infinite
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cardinal (even though it is actually the same set). For instance, 2ω “ ω (ordinal exponentiation!),
while 2ℵ0 is an uncountable cardinal:

Proposition 8.11. For every cardinal κ, |Ppκq| “ 2κ ą κ.

Proof. For any set X, we have a bijection PpXq Ñ X2, where each set A Ď X corresponds to its
characteristic function 1A : X Ñ 2 given by

1Apxq :“
#

1 if x P A,
0 if x R A.

Therefore, |Ppκq| “ |κ2| “ 2κ. The fact that 2κ ą κ follows by Cantor’s Theorem 6.4. �

Proposition 8.12. For all cardinals κ, λ, η, we have pκλqη “ κλbη.

Proof. This follows from the general fact, provable in ZF´, that for any sets X, Y , Z,
XˆY Z « X

`

Y Z
˘

.

In other words, there is a one-to-one correspondence between the functions that take a pair of
arguments px, yq P X ˆY and output an element of Z and the functions that take a single argument
x P X and output another function, now from Y to Z. This one-to-one correspondence is called
currying (after Haskell Curry) and is defined as follows: to each f : X ˆ Y Ñ Z, we associate the
map currypfq : X Ñ Y Z given by

´

`

currypfq
˘

pxq
¯

pyq :“ fpx, yq.

Checking that curry : XˆY Z Ñ X
`

Y Z
˘

is bijective is a routine exercise. �

Exercise 8.2. Verify the following facts about exponentiation of cardinals:
‚ For all κ P Card, κ0 “ 1.
‚ If 0 ă κ P Card, then 0κ “ 0.
‚ For all κ P Card, κ1 “ κ and 1κ “ 1.
‚ For all κ, λ, η P Card, κλ‘η “ κλ b κη.

Proposition 8.13. If λ is an infinite cardinal and κ P Card satisfies 2 ď κ ď λ, then κλ “ 2λ.

Proof. We have 2λ ď κλ ď λλ ď p2λqλ “ 2λbλ “ 2λ. �

Example 8.14. Consider the standard number systems ω, Z (integers), Q (rational numbers), R
(real numbers), and C (complex numbers). We know that |ω| “ ℵ0. The map 2ˆ ω Ñ Z given by

pi, nq ÞÑ

#

n if i “ 0,
´n´ 1 if i “ 1

is a bijection, so |Z| “ ℵ0 ‘ ℵ0 “ ℵ0. The function Z ˆ pZzt0uq Ñ Q given by pn,mq ÞÑ n{m is
surjective, so |Q| ď ℵ0 b ℵ0 “ ℵ0. As Z Ă Q, we obtain |Q| “ ℵ0. Now consider R. The function

Ppωq Ñ R : A ÞÑ
ÿ

nPA

1
10n

is injective (exercise!), so Ppωq À R. Conversely, the map
RÑ PpQq : x ÞÑ tq P Q : q ă xu

is also injective, and hence R À PpQq « Ppωq. This, R « Ppωq, which implies |R| “ 2ℵ0 . Similarly,
we have |C| “ 2ℵ0 (exercise!).

Exercise 8.3. Write down explicit bijections witnessing that ω « Z « Q and Ppωq « R « C.
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8.3. Applications of cardinality
In this section we continue working in ZFC´. The following application appears in the original 1874
paper in which Cantor introduced the concept of cardinality. A real number x is called algebraic if
it is a root of a nonzero polynomial with integer coefficients; otherwise, x is transcendental. For
example,

?
2 is algebraic since it is a root of x2´ 2. On the other hand, π and e are transcendental—

but that is quite difficult to prove! Indeed, it is still not known (and considered to be an extremely
challenging problem) whether, for example, e ` π is transcendental. Even the existence of any
transcendental numbers is far from obvious. Historically, the first example was found by Joseph
Liouville, who showed in 1844 that

8
ÿ

n“1

1
10n!

is transcendental. A remarkable consequence of the theory of cardinality is a simple proof of the
existence of transcendental numbers. Moreover, most numbers are transcendental:

Theorem 8.15 (Cantor). The set A Ď R of all algebraic numbers is countable. Therefore, the set
RzA of all transcendental numbers has cardinality 2ℵ0 .

Proof. Let Pd be the set of all polynomials of degree at most d with integer coefficients. Each
such polynomial has precisely d ` 1 coefficients, so we have Pd « Zd`1v, and thus the set Pd is
countable. The set P “

Ť8
d“0 Pd of all polynomials with integer coefficients is then countable by

Theorem 8.9. Finally, since every polynomial has finitely many roots, A is the union of countably
many finite sets, so A is countable by Theorem 8.9 again. �

The next application showcases a powerful way in which cardinality can be of assistance in
recursive constructions. When we define a function f : α Ñ U recursively, we describe how to
compute fpβq for each β ă α given the values fpγq for all γ ă β. If α happens to be a cardinal,
then the set of all values that have already been determined—i.e., tfpγq : γ ă βu—has cardinality
|β| ă α. In other words, at each individual stage of the recursive construction, most values of the
function are still left undefined. This may provide the necessary flexibility for the construction to
go forward.

Theorem 8.16 (Lindenbaum). Let f : RÑ R be an arbitrary function. Then there exist injective
functions g, h : RÑ R such that f “ g ` h (i.e., fpxq “ gpxq ` hpxq for every x P R).

Proof. Use AC to fix a bijection 2ℵ0 Ñ R : α ÞÑ xα (so R “ txα : α ă 2ℵ0u). We also fix a choice
function choice for PpRqzt∅u. We shall define the values gpxαq and hpxαq for all α ă 2ℵ0 recursively.
Suppose that α is an ordinal less than 2ℵ0 and that the values gpxβq and hpxβq for all β ă α are
already determined. Let

Aα :“ tgpxβq : β ă αu and Bα :“ tfpxαq ´ hpxβq : β ă αu.

To ensure that g is injective, we must assign to gpxαq a value not in Aα; similarly, to ensure that h
is injective, we must assign to gpxαq a value not in Bα (since we must have hpxαq “ fpxαq ´ gpxαq).
Observe that, since |α| ď α ă 2ℵ0 ,

|Aα YBα| ď |Aα| ‘ |Bα| ď |α| ‘ |α| ă 2ℵ0 ,

and hence R ‰ Aα YBα and RzpAα YBαq ‰ ∅. Therefore, we can set
gpxαq :“ choice

`

RzpAα YBαq
˘

,

hpxαq :“ fpxαq ´ gpxαq. �

Exercise 8.4. Prove Theorem 8.16 without using AC.
vTechnically, we should be writing d`1Z, but that would be too cruel.
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The next example is a curious application of the concept of cardinality in Ramsey theory, i.e.,
the study of patterns that must appear in every sufficiently large structure of a certain type.

Exercise 8.5. You invited infinitely many people to a party. Every two guests at the party are
either friends or enemies (the friendship and enmity relations are symmetric). Show that among the
guests, there is either an infinite set of mutual friends or an infinite set of mutual enemies. (This is
known as Ramsey’s theorem.)

Proposition 8.17. For all k ă ω and every function f : ω Ñ k, there exist four distinct numbers a,
b, c, d P ω such that fpaq “ fpbq “ fpcq “ fpdq and a` b “ c` d.

Proof. Take k ă ω and let f : ω Ñ k. We proceed via a series of claims.

Claim 8.18. For each x P ω, there exist a, b ă k ` 1 and i ă k such that:
‚ a ă b, and
‚ fpa` xq “ fpb` xq “ i.

Proof. Otherwise the map a ÞÑ fpx` aq would be an injection from k ` 1 to k. b

For each x P ω, let τpxq “ pa, b, iq P pk ` 1q ˆ pk ` 1q ˆ k be an arbitrary triple satisfying the
conditions of Claim 8.18 (we may as well use AC for this, although it is not necessary).

Claim 8.19. There exist x ă y ă z P ω such that τpxq “ τpyq “ τpzq.

Proof. Otherwise x ÞÑ τpxq is an pď 2q-to-1 function from ω to pk ` 1q ˆ pk ` 1q ˆ k, implying the
absurd inequality ω ď 2pk ` 1q2k. b

Claim 8.20. There exist x ă y P ω such that τpxq “ τpyq “ pa, b, iq and y ´ x ‰ b´ a.

Proof. Take x ă y ă z P ω with τpxq “ τpyq “ τpzq “ pa, b, iq. If y ´ x “ b´ a, then z ´ x ą b´ a,
so the pair px, zq is as desired. b

Let x ă y be such that τpxq “ τpyq “ pa, b, iq and y´x ‰ b´ a. Note that, by the definition of τ ,
fpa` xq “ fpb` xq “ fpa` yq “ fpb` yq “ i.

We also have pa`xq`pb`yq “ pb`xq`pa`yq. It remains to notice that the condition y´x ‰ b´a
ensures the numbers a` x, b` y, b` x, a` y are distinct. �

We now ask: What happens if in Proposition 8.17 we replace ω by R? If we look at a function
f : RÑ k for some k ă ω, then the result is the same (just consider the restriction of f to ω Ă R).
But what if we enlarge the codomain of f and consider functions f : RÑ ω? The answer turns out
to depend on additional set-theoretic assumptions, specifically the Continuum Hypothesis:

Theorem 8.21 (Erdős). The following statements are equivalent.
(1) For every function f : R Ñ ω, there exist four distinct numbers a, b, c, d P R such that

fpaq “ fpbq “ fpcq “ fpdq and a` b “ c` d.
(2) The Continuum Hypothesis is false.

Proof. (2) ùñ (1): Suppose CH fails, i.e., |R| “ 2ℵ0 ą ℵ1. Fix a set A Ă R of cardinality exactly
ℵ1 (e.g., take the image of ℵ1 under any bijection 2ℵ0 Ñ R). We prove (1) following essentially the
same outline as in the proof of Proposition 8.17, but replacing ω by R, k ` 1 by A, and k by ω.

Claim 8.22. For each x P R, there exist a, b P A and i P ω such that:
‚ a ă b, and
‚ fpa` xq “ fpb` xq “ i.

Proof. Otherwise a ÞÑ fpx`aq would be an injection AÑ ω, which is impossible since |A| “ ℵ1. b
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For each x P R, let τpxq “ pa, b, iq P AˆAˆ ω be an arbitrary triple satisfying the conditions of
Claim 8.22 (here we really must use AC).

Claim 8.23. There exist reals x ă y ă z such that τpxq “ τpyq “ τpzq.

Proof. Otherwise x ÞÑ τpxq is an pď 2q-to-1 function from R to A ˆ A ˆ ω, implying that 2ℵ0 ď

2b ℵ1 b ℵ1 b ℵ0 “ ℵ1, which contradicts our assumption that CH fails. b

Claim 8.24. There exist reals x ă y such that τpxq “ τpyq “ pa, b, iq and y ´ x ‰ b´ a.

Proof. Same as Claim 8.20. b

Let x ă y be such that τpxq “ τpyq “ pa, b, iq and y ´ x ‰ b´ a. Then, exactly as in the proof of
Proposition 8.17, the four numbers x` a, y ` b, x` b, y ` a are as desired.

(1) ùñ (2): We start by introducing some general notation. For a set X Ď R, define a sequence
of sets pXnqnăω recursively as follows:

X0 :“ X Y t0u, Xn`1 :“ Xn Y ta` b, a´ b : a, b P Xu.
Let xXy :“

Ť

năωXn.vi

Lemma 8.25. The operation X ÞÑ xXy has the following properties:
‚ X Ď xXy,
‚ if X Ď Y , then xXy Ď xY y,
‚ xXy is closed under addition and subtraction,
‚ if X is countable, then xXy is countable.

Proof. We only verify the last bullet point, leaving the rest as exercises. The set X0 “ X is countable
by assumption. If Xn is countable, then |Xn`1| ď 2b |Xn| b |Xn| ď ℵ0, so |Xn`1| is countable as
well. Therefore, all sets Xn are countable. Hence xXy is the union of countably many countable
sets, so it is also countable. b

Now suppose CH holds—i.e., 2ℵ0 “ ℵ1—and fix a bijection ℵ1 Ñ R : α ÞÑ xα. Our goal is to
construct a function f : R Ñ ω such that there are no four distinct numbers a, b, c, d P R with
fpaq “ fpbq “ fpcq “ fpdq and a ` b “ c ` d. To this end, let Xα :“ txβ : β ă αu. It follows
from the first two bullet points in Lemma 8.25 that pxXαyqαăℵ1 is a non-decreasing sequence of sets
with

Ť

αăℵ1
xXαy “ R. Note that for each α ă ℵ1, |Xα| “ |α| ă ℵ1, i.e., every set Xα is countable.

By Lemma 8.25, xXαy is countable as well. Therefore, using the Axiom of Choice, we may fix an
injection fα : xXαy Ñ ω. Now we define f : RÑ ω as follows:

fpxq :“ fαpxq, where α ă ℵ1 is the least ordinal such that x P xXαy.

Suppose we have four distinct real numbers a, b, c, d with a` b “ c` d, and let α, β, γ, δ ă ℵ1
be the least ordinals such that a P xXαy, b P xXyβ, c P xXyγ , and d P xXyδ.

Claim 8.26. At least two of α, β, γ, δ are equal.

Proof. Assume for concreteness that α “ maxtα, β, γ, δu and let ε :“ maxtβ, γ, δu. Clearly, ε ď α.
On the other hand, b, c, d P xXεy, which implies that a “ c` d´ b P xXεy as well, because xXεy is
closed under addition and subtraction. Therefore, α ď ε, and thus α “ ε, as claimed. b

If, say, α “ β, then fpaq “ fαpaq ‰ fαpbq “ fpbq because fα : xXαy Ñ ω is injective. Similarly,
not all of fpaq, fpbq, fpcq, and fpdq are the same whenever any two of α, β, γ, δ are equal. Hence
statement (1) fails for f , which is what we wanted. �

Exercise 8.6 (Fox). For each 2 ď n ă ω, the following statements are equivalent.
viThe reader may recognize that xXy is simply the subgroup of pR,`q generated by X.
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(i) For every function f : R Ñ ω, there exist distinct numbers x, y, z1, . . . , zn P R such that
fpxq “ fpyq “ fpz1q “ ¨ ¨ ¨ “ fpznq and x` pn´ 1qy “ z1 ` ¨ ¨ ¨ ` zn.

(ii) 2ℵ0 ě ℵn.

8.4. Cofinality
In this section we go back to working in ZF´.
Example 8.27. Consider the cardinal ℵω. By definition,

ℵω “ sup
năω

ℵn “
ď

năω

ℵn.

This means that ℵω can be expressed as a union of countably many sets of strictly smaller cardinality.
The notion of cofinality is a convenient tool for understanding phenomena of this sort.
Definition 8.28. Let α and β be ordinals. A function f : αÑ β is called cofinal (in β) if for each
δ ă β there is some γ ă α with fpγq ě δ. The cofinality of an ordinal β, denoted cfpβq, is the least
ordinal α such that there is a cofinal function f : αÑ β.
Exercise 8.7. Show that if α, β P Ord and β is a limit ordinal, then f : α Ñ β is cofinal if and
only if sup ranpfq “ β.
Example 8.29. We have

cfp0q “ 0, cfp1q “ 1, cfp100q “ 1, cfpωq “ ω, cfpω ` 100q “ 1, cfpω ` ωq “ ω.

Also, as shown in Example 8.27, we have cfpℵωq “ ω.
Exercise 8.8 (important). If β is a successor, then cfpβq “ 1, while if β is a limit, then cfpβq ě ω.
Exercise 8.9 (important). Let β P Ord. Show that cfpβq is a cardinal and cfpβq ď |β| ď β.
Exercise 8.10. Since ωω is a countable limit ordinal, we have cfpωωq “ ω. Give an explicit example
of a cofinal function ω Ñ ωω.

The next two lemmas are useful tools for computing cofinalities.
Lemma 8.30. Let β be an ordinal. Then there is a strictly increasing cofinal function cfpβq Ñ β.
Proof. Let f : cfpβq Ñ β be an arbitrary cofinal function. Consider the set

S :“ tγ ă cfpβq : fpγq ą fpδq for all δ ă γu.

The function fæS : S Ñ β is strictly increasing and cofinal (why?). Since S is well-ordered, there is
a strictly increasing bijection g : αÑ S for some ordinal α. The existence of a strictly increasing
function from α to cfpβq shows that α ď cfpβq; on the other hand, the function f ˝ g : α Ñ β is
cofinal, and hence α ě cfpβq. Therefore, α “ cfpβq and the function f ˝ g is as desired. �

Lemma 8.31. Let α and β be ordinals. If there is a strictly increasing cofinal function f : αÑ β,
then cfpαq “ cfpβq.
Proof. Let g : cfpαq Ñ α be a cofinal function. We claim that f ˝ g : cfpαq Ñ β is cofinal in β,
from which it follows that cfpβq ď cfpαq. Indeed, take any ε ă β. Since f is cofinal, there is δ ă α
such that fpδq ě ε. Similarly, since g is cofinal, there is γ ă cfpαq such that gpγq ě δ. It remains to
note that since f is increasing, pf ˝ gqpγq “ fpgpγqq ě fpδq ě ε.

Now consider any cofinal function h : cfpβq Ñ β. Since f is cofinal in β, given any γ ă cfpβq,
there is some δ ă α such that fpδq ě hpγq. Thus, we can define ϕ : cfpβq Ñ α as follows:

ϕpγq :“ mintδ ă α : fpδq ě hpγqu.

We claim that ϕ is cofinal in α, proving that cfpβq ě cfpαq. Indeed, consider any δ ă α. Since h is
cofinal in β, there is some γ ă cfpβq with hpγq ě fpδq. Then ϕpγq ě δ (why?), and we are done. �
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Exercise 8.11. Show that the operation cf is idempotent, i.e., for each β P Ord, we have

cfpcfpβqq “ cfpβq.

Exercise 8.12. Show that if α is a limit ordinal, then cfpℵαq “ cfpαq.

Example 8.32. As observed before, we have cfpℵωq “ cfpωq “ ω. Similarly,

cfpℵℵω2 q “ cfpℵω2q “ cfpω2q “ ω.

By Exercise 8.12, we know that cfpℵαq “ cfpαq if α is a limit ordinal. What happens if α is a
successor? For instance, what is cfpℵ1q? The answer (under AC) is given by the following theorem:

Theorem 8.33 (ZFC´). Let κ be an infinite cardinal. Then cfpκ`q “ κ`.

Proof. Let f : αÑ κ` be a cofinal function. Then we can write

κ` “ sup ranpfq “
ď

βăα

fpβq. (8.1)

For each β ă α, we have fpβq ă κ`, and hence |fpβq| ă κ`, from which it follows that |fpβq| ď κ.
Therefore, (8.1) expresses κ` as a union of |α|-many sets of cardinality at most κ, and hence

κ` ď |α| b κ “ maxt|α|, κu,

by Theorem 8.9. This implies that α ě |α| ě κ`, as desired. �

Example 8.34. Under AC, we have cfpℵ1q “ ℵ1, cfpℵω`5q “ ℵω`5, and cfpℵℵℵ3
q “ ℵ3.

Remark 8.35. Perhaps somewhat surprisingly, without AC Theorem 8.33 may fail, even though it
talks about cardinals, which are by definition well-ordered. In fact, under some standard assumptions,
Moti Gitik showed that, without AC, it is possible that all infinite cardinals have cofinality ω!

Definition 8.36. An infinite cardinal κ is regular if cfpκq “ κ; otherwise, κ is singular.

Thus, Theorem 8.33 asserts that infinite successor cardinals are regular.

Definition 8.37. A cardinal κ is called weakly inaccessible if κ ą ω, κ is regular, and κ is a limit
cardinal (i.e., κ ą λ` for all cardinals λ ă κ). A cardinal κ is called strongly inaccessible (or just
inaccessible) if κ ą ω, κ is regular, and κ ą 2λ for all cardinals λ ă κ.

Let κ be a weakly inaccessible cardinal. We can write κ “ ℵα for some (limit) ordinal α. Then

κ “ cfpκq “ cfpℵαq “ cfpαq ď α ď κ,

so κ “ α. In other words, κ satisfies κ “ ℵκ, i.e., κ is a fixed point of the aleph function. This
property, however, is not sufficient for weak inaccessibility. For instance, the cardinal

λ :“ suptℵ0, ℵℵ0 , ℵℵℵ0
, . . .u

satisfies λ “ ℵλ, but cfpλq “ ω, so λ is not regular.
The word “inaccessible” is justified here because an inaccessible cardinal κ cannot be approximated

from below by any sequence of smaller cardinals of length less than κ. It turns out that inaccessible
cardinals must be so “large” that their existence cannot be proved within ZFC. One indication
of their size is that, as we show later, if κ is an inaccessible cardinal, then the set Vκ is so “rich”
that the structure pVκ, Pq satisfies all the axioms of ZFC! Inaccessibility is a basic example of what
is called a “large cardinal property.” A significant part of modern set theory is done under the
assumption that certain “sufficiently large” inaccessible cardinals exist.
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8.5. König’s lemma

Lemma 8.38 (König). Let κ be an infinite cardinal. Then there is no surjection κÑ cfpκqκ. Hence,
assuming AC, we have κcfpκq ą κ.

Proof. Suppose, toward a contradiction, that κ Ñ cfpκqκ : α ÞÑ fα is a surjection; that is, for
each α ă κ, fα is a function from cfpκq to κ and cfpκqκ “ tfα : α ă κu. Fix a cofinal function
g : cfpκq Ñ κ. We define f : cfpκq Ñ κ as follows. For each γ ă cfpκq, consider the set

Sγ :“ tfαpγq : α ă gpγqu Ď κ.

By definition, |S| ď |gpγq| ă κ, so the set κzSγ is nonempty. Let

fpγq :“ minpκzSγq.

Since f is a function from cfpκq to κ, there must exist some α ă κ such that f “ fα. Let γ ă cfpκq
be an arbitrary ordinal such that gpγq ą α (such γ exists since g is cofinal in κ and κ is a limit
ordinal). Then fαpγq P Sγ , while fpγq R Sγ by definition; this contradiction completes the proof. �

Corollary 8.39 (ZFC´). 2ℵ0 ‰ ℵω. More generally, if κ is an infinite cardinal, then cfp2κq ą κ.

Proof. If cfp2κq ď κ, then, by König’s lemma,

2κ ă p2κqcfp2κq ď p2κqκ “ 2κbκ “ 2κ,

a contradiction. �

Exercise 8.13 (ZFC´). Let I be an arbitrary index set and let tAi : i P Iu and tBi : i P Iu be
two families of sets indexed by I. Let

ğ

tAi : i P Iu :“
ď

tAi ˆ tiu : i P Iu

denote the disjoint union of the sets Ai, and let
ź

tBi : i P Iu :“ tf : f is a function with dompfq “ I and fpiq P Bi for all i P Iu

be the product of the sets Bi. Suppose that for each i P I, we have |Ai| ă |Bi|. Show that
ˇ

ˇ

ˇ

ğ

tAi : i P Iu
ˇ

ˇ

ˇ
ă

ˇ

ˇ

ˇ

ź

tBi : i P Iu
ˇ

ˇ

ˇ
.

For the remainder of this section, we work in ZFC. From Corollary 8.39, we see that the class
function F : Cardzω Ñ Card given by F pκq “ 2κ satisfies the following two conditions:
(E1) if κ ď λ, then F pκq ď F pλq,
(E2) for every infinite cardinal κ, cfpF pκqq ą κ.

A remarkable fact, due to William Easton, is that (E1) and (E2) are the only constraints on the
values for 2κ when κ is a regular cardinal (i.e., an infinite cardinal such that cfpκq “ κ). That is, if
F is any class function satisfying (E1) and (E2), then ZFC is consistent with the statement that
2κ “ F pκq for all regular cardinals κ.vii For instance, it is possible that

2ℵ0 “ ℵ2, 2ℵ1 “ ℵ2, 2ℵ2 “ ℵℵ5 , 2ℵ3 “ ℵℵℵ2024
, . . .

It is also possible that 2ℵn “ ℵn`1 for all n ă 100, but 2ℵ100 “ ℵ200 (for example), i.e., ℵ100 is the
least cardinal for which GCH fails.

Easton’s theorem completely describes the behavior of the function κ ÞÑ 2κ for regular cardinals
κ. The situation with singular cardinals turns out to be much more mysterious. The first indication

viiWe are deliberately making this statement somewhat informal; a precise formulation would take us too far outside
the scope of this course.
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of that was given by a theorem of Jack Silver, who showed that ℵℵ1 (or any other singular cardinal
of uncountable cofinality) cannot be the least counterexample to GCH. That is,

2ℵα “ ℵα`1 for all α ă ℵ1 ùñ 2ℵℵ1 “ ℵℵ1`1.

A powerful approach to studying exponentiation of singular cardinals of countable cofinality is the
PCF (possible cofinalities) theory due to Saharon Shelah. A famous result in this theory is that

2ℵn ă ℵω for all n ă ω ùñ 2ℵω ă ℵℵ4 .

It is conjectured that the “4” here can be replaced by a “1” (which would be best possible).
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9. Problem set 3
The default axiom system for the following exercises is ZF´.

Exercise 9.1. Let pA,ăq be a partially ordered set. A subset C Ď A is called a chain if C is
linearly ordered by ă. An upper bound for a chain C Ď A is an element a P A such that c ď a for
all c P C. An element a P A is maximal if there is no b P A with a ă b. The following extremely
useful statement is known as Zorn’s lemma:

Lemma 9.1 (Zorn). Suppose that pA,ăq is a partially ordered set such that every chain C Ď A
has an upper bound. Then A has a maximal element.

Use the Axiom of Choice to prove Zorn’s lemma.

Exercise 9.2. Let F be a set of nonempty sets. We call a function f a partial choice function for
F if dompfq Ď F and for all x P dompfq, we have fpxq P x. Let PF denote the set of all partial
choice functions for F , equipped with the subset ordering Ă. (Recall that functions are sets of pairs,
so it makes sense to write f Ă g for functions f and g.)

(a) Show that every chain C in the partially ordered set pPF ,Ăq has an upper bound.
(b) Conclude that Zorn’s lemma implies the Axiom of Choice.

Exercise 9.3. This is a problem about ordinal arithmetic.
(a) Let α be a nonzero ordinal. Show that α is a limit if and only if 2 ¨ α “ α.
(b) Let α be an ordinal. Show that α ě ω if and only if 2 ¨ α ă α ¨ 2.
(c) Which one is greater: pω ` 1qω or ωω`1?

Exercise 9.4. Let α and β be ordinals. Recall that the ordinal αβ is defined recursively by:

αβ :“

$

’

&

’

%

1 if β “ 0,
αγ ¨ α if β “ γ ` 1,
supγăβ αγ if β is a limit.

In this problem we establish a “concrete” representation for the order type αβ.
For a function f : β Ñ α, its support is the set supppfq :“ tγ ă β : fpγq ‰ 0u. Let

Fpβ, αq :“ tf P βα : supppfq is finiteu.
We equip the set Fpβ, αq with the colexicographical ordering as follows. Take any two distinct
functions f , g P Fpβ, αq. Since supppfq and supppgq are finite, f and g differ on only finitely many
elements of β, so we can let γ be the largest ordinal such that fpγq ‰ gpγq. Then

f ăcolex g :ðñ fpγq ă gpγq.

Show that the ordered set pFpβ, αq,ăcolexq is order-isomorphic to the ordinal αβ.

Exercise 9.5. Let A and B be sets.
(a) Show that if A ‰ ∅ and A À B, then there is a surjection B Ñ A.
(b) Assuming AC, show that if there is a surjection B Ñ A, then A À B.

It is an open problem whether the statement in (b) is equivalent to AC.

Exercise 9.6. The purpose of this exercise is to prove the following theorem of Tarski:

Theorem 9.2. AC is equivalent to the statement that X ˆX « X for every infinite set X.

We already know that under AC, |X ˆX| “ |X| for all infinite X. Now assume that every infinite
set X satisfies X ˆX « X (we will call that the squaring hypothesis). Let A be an arbitrary set.
Our goal is to show that A can be well-ordered, thus proving AC. If A is finite (i.e., if there is a
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bijection AÑ n for some n ă ω), then A can be well-ordered, so let A be infinite. Recall that by
Hartogs’ theorem, there is a cardinal κ such that κ Â A.

(a) Use the squaring hypothesis to show that Aˆ κ À AY κ.
(b) Use an arbitrary injection f : Aˆ κÑ AY κ to construct an injection AÑ κ.
(c) Conclude that A can be well-ordered.

An amusing anecdote is that when Tarski tried to publish his proof of Theorem 9.2 in 1924, it was
rejected by two (rather famous) referees: Fréchet and Lebesgue. Fréchet said that an equivalence of
two well-known propositions is not a new result, while Lebesgue said that an equivalence between
two false propositions is not interesting.
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10. Comparing set sizes without AC
10.1. Overview
In this section we will work in the axiom system ZF´. Since we are not assuming AC, we shall use
the following formulation of the Generalized Continuum Hypothesis:

If X is an infinite set and X À A À PpXq, then X « A or A « PpXq.

The ultimate goal of this section is to prove the following theorem:

Theorem 10.1 (Sierpiński). GCH implies AC.

Our proof will rely on the following result of Tarski (Theorem 9.2):

AC is equivalent to the statement that X ˆX « X for every infinite set X.

Here’s the idea behind the proof of Theorem 10.1. Assume GCH. We wish to show, given any
infinite set X, that X « X ˆX. It is, of course, clear that X À X ˆX. If we could show that

(1) X ˆX À PpXq and (2) PpXq Â X ˆX,

then GCH will give us X « X ˆX, as desired. Of these two statements, the second one is in some
sense more “profound,” and the majority of this section will be devoted to proving it. Along the
way, we will encounter a number of techniques and ideas that are generally helpful when comparing
sizes of sets without assuming the Axiom of Choice.

For a set X, let ăωX denote the set of all finite sequences of the elements of X:
ăωX :“

ď

năω

nX.

The central technical result in this section is the following theorem of Halbeisen and Shelah:

Theorem 10.2 (Halbeisen–Shelah). Let X be a set such that ω À X. Then PpXq Â ăωX.

From Theorem 10.2, we will derive the following:

Theorem 10.3 (Specker). Let X be a set such that 5 À X. Then PpXq Â X ˆX.

Although X ˆX À ăωX, Specker’s theorem is not simply a special case of the Halbeisen–Shelah
theorem. For one, the set X in Specker’s theorem is allowed to be finite. More importantly, even if
X is infinite, this does not necessarily mean (without assuming some part of the Axiom of Choice)
that ω À X; see Exercise 6.2.

10.2. Warm-up
We start with the following very modest strengthening of Cantor’s theorem:

Lemma 10.4. If X is an infinite set, then PpXq Â X \ 1.

Here \ denotes, as usual, disjoint union.

Proof. For convenience, assume that 0 R X and replace X \ 1, which technically is equal to
pX ˆ t0uq Y p1ˆ t1uq, simply by X Y t0u. The lemma is easy to verify if ω À X. Indeed, suppose
ω Ñ X : n ÞÑ xn is an injection. Define a function f : X Y t0u Ñ X as follows:

fpxq :“

$

’

&

’

%

x0 if x “ 0,
xn`1 if x “ xn,

x otherwise.
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Then f is a bijection, so X Y t0u « X and we are done since PpXq Â X by Cantor’s theorem.
Unfortunately, sans AC, there may exist infinite sets X such that ω Â X. However, we will argue
that every counterexample to the lemma must satisfy ω À X, which will complete the proof.

Suppose f : PpXq Ñ X Y t0u is an injection. We may assume, without loss of generality, that
fpXq “ 0 (why?), so f injects PpXqztXu into X. Define a sequence ω Ñ X : n ÞÑ xn recursively by

xn :“ fptxi : i ă nuq.

Since X is infinite, X ‰ txi : i ă nu, hence xn P X. Furthermore, since f is injective, the elements
x0, x1, . . . are pairwise distinct. Therefore, ω À X, and the proof is complete. �

Corollary 10.5. Assume GCH. If X is an infinite set, then X « X \ 1 and hence ω À X.

Proof. Clearly, X À X \ 1. Also, X \ 1 À PpXq (why?). By GCH, either X « X \ 1 (and we
win), or X \ 1 « PpXq. The latter case is impossible due to Lemma 10.4. �

10.3. Uniform bijections between ordinals and their powers
Consider an infinite ordinal α. We already know that α « αˆ α. Namely, we have

α « |α| « |α| ˆ |α| « αˆ α. (10.1)

But can we write down an explicit bijection between α and α ˆ α? Note that our proof that
κ “ κ b κ for an infinite cardinal κ (see Theorem 8.4) actually does give a concrete bijection
κˆκÑ κ (exercise!), so the bijection between |α| and |α| ˆ |α| in (10.1) is “explicit.” Unfortunately,
there is no “canonical” choice for a bijection from α to |α| (that is why, for example, cofinality may
behave strangely if AC is not assumed). Nevertheless, in this section we will prove that there is an
explicit choice of a bijection αˆ αÑ α, in the following sense:

Lemma 10.6. There is a class function Ordzω Ñ U : α ÞÑ qα defined by a formula without
parameters such that for every infinite ordinal α, qα is a bijection from αˆ α to α.

From this, we will deduce an apparent strengthening:

Theorem 10.7. There is a class function Ordzω Ñ U : α ÞÑ pα defined by a formula without
parameters such that for every infinite ordinal α, pα is a bijection from ăωα to α.

Exercise 10.1. Show (before reading the rest) that if α is an infinite ordinal, then α « ăωα.

The main tool we use to prove Lemma10.6 and Theorem 10.7 is the following result of Cantor:

Theorem 10.8 (Cantor normal form). For every ordinal α, there exist a unique finite sequence of
ordinals β1 ą ¨ ¨ ¨ ą βk and a sequence of positive integers d1, . . . , dk such that

α “ ωβ1 ¨ d1 ` ¨ ¨ ¨ ` ω
βk ¨ dk.

(The operations are in ordinal arithmetic.) This expression is called the Cantor normal form of α.

Remark 10.9. We have already seen something similar in connection with Goodstein’s theorem
(see §7.3): the Cantor normal form of α is like a “base-ω” expansion of α with digits d1, . . . , dk.

Remark 10.10. Note that in Theorem 10.8, we always have α ě β1 (why?). On the other hand, it
can happen that α “ β1. For instance, the Cantor normal form of the ordinal

ε0 :“ sup
!

ω, ωω, ωω
ω
, ωω

ωω

, . . .
)

is ε0 “ ωε0 . As an exercise, what is the Cantor normal form of ℵ1?
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Proof. The proof is essentially the same as the proof that every natural number has a base-b
expansion, but with b replaced by ω. We argue by induction on α. If α “ 0, then we take k “ 0
(the Cantor normal form is empty), so assume α ą 0. Consider the set

S :“ tβ : ωβ ď αu.

We claim that S has a largest element. Indeed,

ωsupS “ suptωβ : β P Su ď α,

so supS P S. Let β :“ maxS and let d be the largest positive natural number such that ωβ ¨ d ď α.
(Such d exists since ωβ ¨ ω “ ωβ`1 ą α by the choice of β). Now we can write

α “ ωβ ¨ d` α1

for some (unique) ordinal α1 ă ωβ ď α. By the inductive assumption, α1 has a Cantor normal form

α1 “ ωβ1 ¨ d1 ` ¨ ¨ ¨ ` ω
βk ¨ dk.

By the choice of β and d, we have β ą β1, hence

α “ ωβ ¨ d` ωβ1 ¨ d1 ` ¨ ¨ ¨ ` ω
βk ¨ dk

is a Cantor normal form for α. The uniqueness of the Cantor normal form is left as an exercise. �

Fix an arbitrary bijection f : ωˆω Ñ ω with the property that fp0, 0q “ 0 definable by a formula
without parameters. For example, the following f works (exercise!):

fpn,mq :“ pn`mqpn`m` 1q
2 ` n.

For any two ordinals α, β, we define their fusion α ˚ β as follows: By Theorem 10.8, there exist a
finite sequence γ1 ą ¨ ¨ ¨ ą γk of ordinals and natural numbers c1, . . . , ck, d1, . . . , dk (some of which
may be zero) such that

α “ ωγ1 ¨ c1 ` ¨ ¨ ¨ ` ω
γk ¨ ck and β “ ωγ1 ¨ d1 ` ¨ ¨ ¨ ` ω

γk ¨ dk.

Then α ˚ β is the ordinal

α ˚ β :“ ωγ1 ¨ fpc1, d1q ` ¨ ¨ ¨ ` ω
γk ¨ fpck, dkq.

(This is well-defined because fp0, 0q “ 0.) For instance,

pω2 ¨ 7` 3q ˚ pω ` 1q “ ω2 ¨ fp7, 0q ` ω ¨ fp0, 1q ` fp3, 1q.

Exercise 10.2. Show that the class function OrdˆOrd Ñ Ord : pα, βq ÞÑ α ˚ β is a bijection.

Furthermore, if α, β ă ωγ , then α ˚ β ă ωγ as well, and so the function

ωγ ˆ ωγ Ñ ωγ : pα, βq Ñ α ˚ β

is a bijection. With these preliminary observations, we are now ready to prove Lemma 10.6.

Proof of Lemma 10.6. Let α be an infinite ordinal. Using the Cantor normal form, we can write
α “ ωβ ¨ d` α1, where d is a positive natural number, β and α1 are ordinals, and α1 ă ωβ . Since α
is infinite, β ě 1. There is an obvious bijection between α “ ωβ ¨ d` α1 and α1 ` ωβ ¨ d. But

α1 ` ωβ ¨ d “ pα1 ` ωβq ` ωβ ¨ pd´ 1q “ ωβ ` ωβ ¨ pd´ 1q “ ωβ ¨ d,

where we use the result of the following exercise:

Exercise 10.3. If γ, β are ordinals and γ ă ωβ, then γ ` ωβ “ ωβ.
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Next, there is a natural bijection ωβ ¨ d « d ¨ ωβ . But d ¨ ωβ “ ωβ , because β ě 1 and hence ωβ is a
limit ordinal. Thus, we have constructed a bijection from α to ωβ:

α “ ωβ ¨ d` α1 « α1 ` ωβ ¨ d “ ωβ ¨ d « d ¨ ωβ “ ωβ.

The function ωβ ˆ ωβ Ñ ωβ : pγ, δq ÞÑ γ ˚ δ is a bijection, which we can combine with the above
bijection αÑ ωβ to finally obtain the desired bijection qα : αˆ αÑ α:

αˆ α « ωβ ˆ ωβ « ωβ « α. �

Proof of Theorem 10.7. Let α P Ordzω. We wish to construct a bijection pα : ăωα Ñ α. To
begin with, note that it suffices to construct an injection ăωαÑ α, since there is an obvious injection
αÑ ăωα, and the proof of the Cantor/Schröder–Bernstein theorem (Theorem 6.3) can be used to
assemble a bijection out of two injections.

For each n ă ω, we shall fix an injection ϕn : nαÑ α (in fact, for all n ě 1, ϕn will be a bijection).
To begin with, 0α “ t∅u and we can, for example, set ϕ0p∅q :“ 0. For n “ 1, we set ϕ1 : αÑ α to
be the identity map.viii For larger n, we will use the bijection qα : αˆ αÑ α from Lemma 10.6. For
n “ 2, we can just set ϕ2 :“ qα. For n “ 3, we need to apply qα twice:

ϕ3 : αˆ αˆ αÑ α : pβ1, β2, β3q ÞÑ qαpqαpβ1, β2q, β3q.

In general, we define the function ϕn`1 : n`1αÑ α recursively by
ϕn`1 : n`1αÑ α : pβ1, . . . , βn`1q ÞÑ qαpϕnpβ1, . . . , βnq, βn`1q.

Now we combine the functions ϕn to produce an injection ϕ : ăωαÑ ω ˆ α by setting
ϕpsq :“ pn, ϕnpsqq for all n ă ω and s P nα.

And now we are done, as the following diagram illustrates:
ăωα

injection
ÝÝÝÝÝÑ ω ˆ α Ď αˆ α

qα
ÝÑ α.

The proof of Theorem 10.7 is complete. �

10.4. The Halbeisen–Shelah theorem
Proof of Theorem 10.2. Let X be a set such that ω À X. Fix an injection ω Ñ X : n ÞÑ an
(in other words, a0, a1, . . . is an infinite sequence of distinct elements of X). Suppose, toward a
contradiction, that there is an injection f : PpXq Ñ ăωX. We will use f to construct an injective
class function Φ: Ord Ñ X, yielding the desired contradiction.

The definition of the class function Φ is recursive. For each n ă ω, we use that ω À X and
set Φpnq :“ an. Now let α be an infinite ordinal and suppose that the values Φpβq for all β ă α
are already determined. Let S :“ Φrαs “ tΦpβq : β ă αu. The function Φ establishes a bijection
between α and S, so we can use Theorem 10.7 to get an explicit bijection h : ăωS Ñ S:

ăωS Ñ ăωα
pα
ÝÑ α

Φ
ÝÑ S.

This already shows that S ‰ X. Indeed, if S were equal to X, then, by composing f with h, we
would obtain an injection PpXq Ñ X, which is impossible by Cantor’s theorem:

PpXq
f
ÝÑ ăωX “ ăωS

h
ÝÑ S “ X.

It might be tempting to conclude that, as XzS ‰ ∅, we can just take any element x P XzS as the
value for Φpαq; unfortunately, we would need AC to “pick out” this x. Thus, what we have to do
now is to describe how to choose a specific element from XzS. It turns out that simply repeating
the proof of Cantor’s theorem in this setting does the trick.

viiiStrictly speaking, 1α is not α itself, but the set of all one-element sequences of elements of α. Similarly, 2α ‰ αˆα
since elements of 2α are functions from 2 to α, not ordered pairs of elements of α. Nevertheless, we will ignore these
annoying distinctions as there are obvious bijections 1α « α, 2α « αˆ α, etc.
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Specifically, let Cantor be the class function from Cantor’s Theorem 6.4. That is, Cantor is defined
by a formula without parameters and, given any set A and a function ϕ : AÑ PpAq, we have

CantorpA,ϕq P PpAqzranpϕq.

Define a function ϕ : S Ñ PpSq as follows:

ϕpsq :“
#

S1 if S1 Ď S, fpS1q P ăωS, and hpfpS1qq “ s,

S if no such S1 exists.

(This is a well-defined function because f : PpXq Ñ ăωX is injective and h : ăωS Ñ S is bijective,
which implies that a set S1 as above must be unique if it exists.) Let

C :“ CantorpS, ϕq.

By construction, C is a subset of S that is not in the range of ϕ. This implies that fpCq R ăωS
(otherwise, letting s :“ hpfpCqq, we would have ϕpsq “ C). This means that fpCq “ px1, . . . , xkq,
where k P ω and at least one of x1, . . . , xk is an element of XzS. Thus, we can set

Φpαq :“ xi, where i is the least index such that xi P XzS.

This finishes the definition of the class function Φ and hence the proof of Theorem 10.2. �

Now we can deduce Specker’s theorem from the Halbeisen–Shelah theorem.

Proof of Theorem 10.3. Let X be a set with 5 À X. We wish to show that there is no injection
PpXq Ñ X ˆX. If X is finite, this statement follows from the following exercise:

Exercise 10.4. Let 5 ď n ă ω. Show that 2n ą n2.

Thus, we may assume X is infinite. If ω À X, then we are done by Theorem 10.2. We will now
show how to construct an injection ω Ñ X : n ÞÑ an from a given injection f : PpXq Ñ X ˆX, in a
manner similar to the construction in the proof of Lemma 10.4.

So, let X be infinite and let f : PpXq Ñ X ˆX be injective. We choose distinct values a0, a1,
a2, a3, a4 P X arbitrarily. Now suppose that 5 ď n P ω and for all m ă n, the value am is already
determined. We have to find a specific element of X distinct from a0, . . . , an´1 and call it an. To
that end, let S :“ tam : m ă nu. Then S is a set of size n ě 5; hence, |PpSq| “ 2n ą n2 “ |S ˆ S|.
This implies that there is a subset A Ď S such that fpAq R S ˆ S. Furthermore, we can choose a
specific such set A, using the following observation:

Exercise 10.5. Show that there is a function ω Ñ U : n ÞÑăn such that for each n P ω, ăn is a
linear ordering (and hence a well-ordering) on Ppnq.

Since S is in a bijection with n (given by the map m ÞÑ am), Exercise 10.5 gives us an explicit linear
ordering ă on PpSq. Every linear ordering on a finite set is a well-ordering (exercise!), so we can
take A to be the ă-least element of PpSq satisfying fpAq R S ˆ S. Then fpAq “ px1, x2q with at
least one of x1, x2 in not in S. This allows us to set

an :“
#

x1 if x1 R S;
x2 if x1 P S (and hence x2 R S),

finishing the construction. �

Exercise 10.6. Show that if X is a set such that 23 À X, then PpXq Â X ˆX ˆX ˆX ˆX.
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10.5. GCH implies AC
We now have all the tools to prove Theorem 10.1, i.e., that GCH implies AC.

Proof of Theorem 10.1. Assume GCH and let X be an infinite set. We know from Corollary 10.5
that X « X \ 1 and ω À X.

Claim 10.11. X « X \X.

Proof. We rely on the following observation:

Exercise 10.7. Show that PpXq \ PpXq « PpX \ 1q.

Using the fact that X \ 1 « X, we now have
X À X \X À PpXq \ PpXq « PpX \ 1q « PpXq.

Since X \X À ăωX (exercise!), by the Halbeisen–Shelah theorem, PpXq Â X \X. By GCH, this
yields X \X « X, as claimed. b

Claim 10.12. X « X ˆX.

Proof. The proof is very similar to the proof of the previous claim.

Exercise 10.8. Show that PpXq ˆ PpXq « PpX \Xq.

Using the previous claim, we obtain
X À X ˆX À PpXq ˆ PpXq « PpX \Xq « PpXq.

By the Halbeisen–Shelah theorem, PpXq Â X ˆX, which yields X ˆX « X, as claimed. b

Since the assertion that X « X ˆX for every infinite set X is equivalent to AC, the proof of
Theorem 10.1 is complete. �
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11. Problem set 4
The default axiom system for the following exercises is ZFC, unless stated otherwise.
Exercise 11.1. In this problem, R3 :“ Rˆ Rˆ R denotes, as usual, the 3-dimensional Euclidean
space, i.e., the set of all ordered triples of real numbers.ix Show that there is a set L of pairwise
disjoint straight lines in R3 such that

Ť

L “ R3 and no two lines in L are parallel to each other.
Exercise 11.2. The goal of this exercise is to prove that the Continuum Hypothesis, CH, is
equivalent to the following statement:

The plane R2 can be decomposed as R2 “ AY B so that for every horizontal
(resp. vertical) line ` Ă R2, the set `XA (resp. `XB) is countable. (7)

Here we say that a line ` in the plane is horizontal if ` “ tpx, cq : x P Ru for some fixed c P R;
similarly, ` is vertical if ` “ tpc, yq : y P Ru for some fixed c P R.

(a) Show that CH implies (7).
For the other direction, assume (7) and suppose that CH fails. Fix a decomposition R2 “ AYB

as in (7) and consider any set S Ă R such that ℵ0 ă |S| ă 2ℵ0 .
(b) Show that for every x P R, there is some y P S with px, yq P A.
(c) Show that there is y P S such that we have px, yq P A for uncountably many x P R.
(d) Finish the proof that (7) implies CH.

Exercise 11.3.
(c) Let pA,ăq be a linearly ordered set. Show that there is a subset B Ď A such that B is well-

ordered by ă and cofinal in A, meaning that for all x P A, there is y P B with x ď y.
(d) Let F be a set that is linearly ordered by the subset relation Ă. Suppose that κ is a cardinal

such that |A| ă κ for all A P F . Show that |
Ť

F | ď κ.
(e) Give an example of a set F that is linearly ordered by the subset relation Ă such that

ˇ

ˇ

ˇ

ď

F
ˇ

ˇ

ˇ
ą supt|A| : A P F u.

Exercise 11.4. For a set X, let rXsďω denote the set of all countable subsets of X.
(c) Show that for every infinite cardinal κ, |rκsďω| “ κℵ0 .
(d) Show that for every n ă ω, ℵℵ0

n`1 “ ℵn`1 b ℵℵ0
n .

(e) Conclude that for every n ă ω, ℵℵ0
n “ maxtℵn, 2ℵ0u.

Exercise 11.5 (ZF´). Prove the following “uniform” version of Cantor’s theorem:
Theorem 11.1. There is a class function Φ defined by a formula without parameters such that,
given any set X and a function f : PpXq Ñ X, we have ΦpX, fq “ pA,Bq, where A and B are two
distinct subsets of X such that fpAq “ fpBq (thus witnessing the non-injectivity of f).
Exercise 11.6 (ZF). Show that the following statements are equivalent:

(i) There is a class function G : UÑ U such that for every nonempty set A, GpAq P A.
(ii) There is a bijective class function Ord Ñ U.
(iii) For every proper class C, there is a bijective class function Ord Ñ C.
(iv) For every two proper classes C, D, there is a bijective class function CÑ D.
(v) AC holds and for every proper class C, there is an injective class function Ord Ñ C.
Statement (i) is known as the Principle of Global Choice. (It is referred to as a “principle” and

not an “axiom” because it involves quantification over all class functions.)

ixTechnically, we should be writing 3R, but R3 is the standard notation.
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12. Journey to other universes
12.1. Introduction
Set theory is supposed to provide a framework for encoding all of mathematics. Hence, it is desirable
to know whether the accepted axioms of set theory are consistent, meaning that they do not
contradict each other. In this regard, it is important to keep in mind that the currently accepted
formulation of set theory is incredibly subtle. Statements such as Russell’s paradox serve as examples
of contradictions that crept up in earlier versions of set theory; the modern approach professes to
exorcise them, but how can we be sure that there are no other contradictions to worry about?

The short answer is, we can’t. According to the celebrated incompleteness theorem of Gödelx,
if, say, ZFC is consistent, then no proof of ZFC’s consistency can be carried out within ZFC itself.
Hence, if we agree that all mathematics should, at least in principle, be doable in ZFC, then there is
no “mathematical” justification for thinking that ZFC is consistent. As far as we are concerned, the
consistency of ZFC remains an empirical fact: no one has found a contradiction in ZFC yet, hence it
appears likely to be consistent.

Nevertheless, there are some nontrivial results concerning consistency of set theory that we can
try to prove. For instance, we may isolate a particularly “suspicious” axiom and ask whether that
axiom is consistent with the rest of set theory assuming that the rest of set theory is consistent on
its own. For example, assuming ZF is consistent, can we argue that ZFC is consistent as well? It
turns out that one can establish surprisingly strong results along these lines. For instance, we will
eventually prove that if ZF´ (i.e., “basic” set theory without Foundation or Choice) is consistent,
then so is ZFC` GCH.

How can one prove such “relative consistency” results? Suppose, for example, that we want
to show the consistency of ZF´ implies the consistency of ZF. Let U be a universe of set theory
satisfying ZF´. We can then consider the class V (i.e., the von Neumann universe), as defined in
U. As such, V is a collection of sets equipped with the binary relation P, so it makes sense to ask
which statements in the language of set theory V satisfies. Well, it turns out that V satisfies all of
the axioms of ZF! Hence, ZF must be consistent. In this and the following sections, we shall explore
the power of arguments of this type.

12.2. Relativizing formulas
Fix a universe U of set theory and let C be a class. Given a formula ϕ in the language of set theory,
we write ϕC for the formula obtained from ϕ by restricting every quantifier to C, i.e., by replacing
each quantifier of the form “@x” (resp. “Dx”) by “@x P C” (resp. “Dx P C”). If ϕ is a formula with
no free variables and with parameters from C, we say that ϕ holds in C, or C satisfies ϕ, in symbols
C |ù ϕ, if ϕC is true (in U).
Example 12.1. LetA :“ t∅, t∅u, t∅, tt∅uuuu. Then A does not satisfy the Axiom of Extensionality
Ext. Indeed, Ext is given by the following formula:

Ext : @x@y p@z pz P x Ø z P yq Ñ x “ yq.

Thus, the relativized formula ExtA is
ExtA : @x P A@y P A p@z P A pz P x Ø z P yq Ñ x “ yq.

In other words, ExtA says that if x, y P A have the same elements in A, then x “ y. But this is
false, since the distinct sets x :“ t∅u and y :“ t∅, tt∅uuu both have the same unique element in
A, namely ∅. Another way in which A “disagrees” with the ambient universe U is that, letting
x :“ t∅u and y :“ t∅, tt∅uuu, we have A |ù y Ď x. Indeed, “y Ď x” is a shortcut for the formula

y Ď x : @z pz P y Ñ z P xq.

xMore precisely, his second incompleteness theorem.
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Relativizing to A, we get
py Ď xqA : @z P A pz P y Ñ z P xq.

The only member of A that is an element of y is ∅, which also belongs to x, so py Ď xqA is true.

To avoid the nastiness of Example 12.1, we usually restrict our attention to so-called transitive
classes. A class C is transitive if for all x P C, we have x Ď C; in other words, if y P x P C, then
y P C. Note that if C is a set, then this agrees with our usual definition of a transitive set.

Lemma 12.2. If U |ù Ext and C is a transitive class, then C |ù Ext as well.

Proof. The formula ExtC looks like this:
ExtC : @x P C@y P C p@z P C pz P x Ø z P yq Ñ x “ yq.

Take x, y P C. Since C is transitive, x, y Ď C. This means that if for all z in C, z P x Ø z P y, then
indeed for all z in U, z P x Ø z P y, and hence x “ y by Ext in U. �

Many statements have the same “meaning” in U and in any transitive class C. Specifically, we say
that ϕ is a ∆0-formula if every quantifier in ϕ is bounded, i.e., of the form “@x P y” or “Dx P y,”
where x is a variable and y is either a variable or a parameter. We often say (somewhat loosely) that
a property or a relation is ∆0 if it can be expressed by a ∆0-formula. For example, the statement
“x Ď y” can be expressed by the following ∆0-formula:

x Ď y : @z P x pz P yq.

The utility of ∆0-formulas is captured by the following observation:

Lemma 12.3. If C is a transitive class and ϕ is a ∆0-formula with no free variables and with
parameters from C, then C |ù ϕ if and only if U |ù ϕ.

Proof. When a bounded quantifier such as “@x P y” or “Dx P y” is restricted to C, the result is
“@x P CX y” or “Dx P CX y.” Since C is transitive, for all y P C, we have CX y “ y. Hence, ϕC has
exactly the same meaning as ϕ. �

As the following exercise shows, lots of useful properties can be expressed by ∆0-formulas.

Exercise 12.1 (important!). Assuming that U |ù ZF´, show that the following properties and
relations can be expressed by ∆0-formulas without parameters:

(a) x “ ∅, x Ď y, x “ ty, zu, x “ py, zq, x “ y X z, x “ yzz, x “ y ˆ z, x “
Ť

y;
(b) f is a function, y “ fpxq, x “ dompfq, x “ ranpfq, f is an injection, f : xÑ y is bijective;
(c) ă is a linear order on x, x is a transitive set.

Additionally, assuming that U |ù ZF, show that the following properties and relations also can be
expressed by ∆0-formulas without parameters:

(d) α is an ordinal, α is a limit ordinal, α is a successor ordinal;
(e) n is a natural number, x “ ω.

Here x, y, z, f , α, n are to be treated as free variables.

The next exercise is somewhat long and tedious, but it will be quite useful, as it shows that for
most axioms of ZF´, it is rather clear how to check whether they hold in a given transitive class C.

Exercise 12.2 (important!). Suppose U |ù ZF´. Let C be a transitive class.
(a) Show that C satisfies the Empty Set Axiom if and only if ∅ P C.
(b) Show that C satisfies the Pairing Axiom if and only if for all x, y P C, we have tx, yu P C.
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(c) Show that C satisfies the Union Axiom if and only if for every x P C, we have
Ť

x P C.

(d) Show that C satisfies the Powerset Axiom if and only if for all x P C, we have

Ppxq X C “ ty P C : y Ď xu P C.

(e) Show that if ω P C, then C satisfies the Infinity Axiom.

(f) Show that C satisfies the Comprehension Schema if and only if for all x P C and for every
formula ϕpzq with a single free variable z and parameters from C, we have

tz P x : C |ù ϕpzqu P C.

Here you should notice that tz P x : C |ù ϕpzqu is indeed a well-defined set in U, because
we can apply Comprehension in U to the relativized formula ϕCpzq.

(g) Show that C satisfies the Replacement Schema if and only if the following statement holds.
Let ϕpx, yq be a formula with two free variables x, y and parameters from C such that ϕpx, yq
defines a class function in C; in other words,

@x P C@y P C@z P C pϕCpx, yq ^ ϕCpx, zq Ñ y “ zq.

Then for every set X P C, we have

ty P C : Dx P X pC |ù ϕpx, yqqu P C.

Again, here we need to observe that ty P C : Dx P X pC |ù ϕpx, yqqu is a well-defined set in
U, because we can apply Replacement in U to the formula

x P C ^ y P C ^ ϕCpx, yq,

which defines a class function in U.

Exercise 12.3. Show that if U |ù ZF and C is a class such that C |ù ZF´, then C |ù ZF as well.

Exercise 12.4. If U |ù ZF´ and C is a transitive class, when does C satisfy the Axiom of Choice?

A particularly useful type of potential universes of set theory are the so-called inner models, i.e.,
transitive classes C such that Ord Ď C. The simplest interesting example of an inner model is the
von Neumann universe V , which will be discussed in the next subsection. Another example that
we’ll be working with is the so-called constructible universe, usually denoted by L, which will be the
central object of study in §§14 and 16.

Example 12.4. Let U |ù ZF´ and consider the class Ord. We claim that Ord satisfies the Powerset
Axiom. Indeed, since Ord is a transitive class, we can apply the result of Exercise 12.2(d) and only
check that for each α P Ord, the following set is an ordinal:

α1 :“ Ppαq XOrd “ tβ P Ord : β Ď αu.

But β Ď α if and only if β ď α, so α1 “ tβ P Ord : β ď αu “ α` 1. In other words, from the point
of view of Ord, the powerset of α is α` 1!

Exercise 12.5. For a class C, we let OrdC and CardC denote the ordinals and the cardinals “from
the point of view of C.” More precisely, define

OrdC :“ tx P C : C |ù “x is an ordinal”u and CardC :“ tx P C : C |ù “x is a cardinal”u.

What are OrdOrd and CardOrd?
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12.3. The relative consistency of AF
Theorem 12.5. If U |ù ZF´, then V |ù ZF. Therefore, if ZF´ is consistent, then so is ZF.

Proof. We first check that V |ù ZF´. Since V is transitive, Exercise 12.2 makes this rather easy;
the key observation is that for every set x, x P V if and only if x Ď V (see Proposition 3.12).

‚ V |ù Ext by Lemma 12.2.
‚ V |ù Empty: ∅ P V .
‚ V |ù Pair: If x, y P V , then tx, yu Ď V , hence tx, yu P V .
‚ V |ù Union: exercise!
‚ V |ù Pow: If x P V , then Ppxq Ď V , so Ppxq P V .
‚ V |ù Inf: ω P V .
‚ V |ù Comp: exercise!
‚ V |ù Rep: Let ϕpx, yq be a formula with free variables x, y and parameters from V that
defines a class function in V . We need to argue that for all X P V , the following set is in V :

Y :“ ty P V : Dx P X pV |ù ϕpx, yqqu.

This is indeed the case since, by definition, Y Ď V , and thus Y P V .
It remains to verify that V |ù AF. Recall that by Theorem 3.13, assuming ZF´, AF is equivalent to

@x
`

x ‰ ∅ ÝÑ Dy py P x^ xX y “ ∅q
˘

.

Consider any ∅ ‰ x P V . Let α :“ mintrankpzq : z P xu and let y P x be an arbitrary element with
rankpyq “ α. We claim that xX y “ ∅, as desired. Indeed, if z P y, then rankpzq ă rankpyq “ α,
while if z P x, then rankpzq ě α by the choice of α. Hence, y and x have no elements in common. �

Exercise 12.6. Show that if U |ù ZF´ ` AC, then V |ù ZFC.

12.4. Inaccessible cardinals and models of set theory
Assumption. Throughout this subsection we assume that U |ù ZFC.

Recall that an infinite cardinal κ is regular if cfpκq “ κ. Equivalently, an infinite cardinal κ is
regular if and only if a set of cardinality κ cannot be written as a union of strictly fewer than κ-many
sets of cardinality strictly less than κ. An uncountable cardinal κ is (strongly) inaccessible if κ is
regular and κ ą 2λ for every cardinal λ ă κ.

Theorem 12.6. If κ is an inaccessible cardinal, then Vκ |ù ZFC.

A remarkable feature of Theorem 12.6 is that Vκ is merely a set, but it is so “rich” that all of our
usual set theory–and hence all of mathematics—could in principle be done inside it!

Recall how in the proof of Theorem 12.5 we heavily relied on the fact that x P V ðñ x Ď V . To
prove Theorem 12.6, we need a version of this property for Vκ:

Lemma 12.7. If κ is an inaccessible cardinal, then |Vκ| “ κ and for every set x, we have
x P Vκ ðñ x Ď Vκ and |x| ă κ. (12.1)

Proof. Since κ “ OrdX Vκ Ď Vκ, we have |Vκ| ě κ. To prove the opposite inequality, recall that,
by definition, Vκ “

Ť

tVα : α ă κu. We will show that |Vα| ă κ for all α ă κ. This implies that Vκ
is a union of κ-many sets of cardinality less than κ, and hence |Vκ| ď κb κ “ κ, as desired. The
proof that |Vα| ă κ for all α is by induction on α.

Case 1: α “ 0. We have |V0| “ |∅| “ 0 ă κ.
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Case 2: α “ β ` 1. We have
|Vβ`1| “ |PpVβq| “ 2|Vβ | ă κ,

since κ is inaccessible and |Vβ| ă κ by the inductive hypothesis.
Case 3: α is a limit. Then Vα “

Ť

tVγ : γ ă αu. In other words, Vα is a union of |α|-many sets,
each of cardinality less than κ. Since κ is regular, this implies that |Vα| ă κ.

Now we turn to proving (12.1). First, suppose that x P Vκ. Since Vκ is transitive, we conclude
that x Ď Vκ. Furthermore, if we let α :“ rankpxq, then α ă κ and x Ď Vα, so |x| ď |Vα| ă κ.

Finally, suppose that x Ď Vκ and |x| ă κ. Since κ is regular, the function xÑ κ : y ÞÑ rankpyq
cannot be cofinal. Hence, α :“ suptrankpyq : y P xu ă κ. Then x Ď Vα, so x P Vα`1 Ă Vκ. �

Proof of Theorem 12.6. We will only verify that Vκ satisfies Replacement and Choice, leaving
the rest of the axioms as exercises.

To show that Vκ |ù Rep, let ϕpx, yq be a formula with free variables x, y and parameters from
Vκ that defines a class function in Vκ. We need to argue that for every X P Vκ, the following set
belongs to Vκ:

Y :“ ty P Vκ : Dx P X pVκ |ù ϕpx, yqqu.

By definition, Y Ď Vκ. Also, Y is the image of X under a function, so |Y | ď |X| ă κ. Therefore,
Y P Vκ by Lemma 12.7.

To prove that Vκ |ù AC, let X P Vκ be a set of nonempty sets. Since AC holds in U, there is a
choice function f for X in U, and we only need to show that f P Vκ. To that end, note that f Ď Vκ
(why?) and |f | “ |X| ă κ, hence f P Vκ by Lemma 12.7. �

Taken together, Theorem 12.6 and Lemma 12.7 paint a very satisfying picture of the structure of
the set Vκ for inaccessible κ. First, Vκ satisfies ZFC. Second, every class in Vκ (i.e., a collection of
elements of Vκ defined by a formula) is a subset of Vκ from the point of view of U, but Vκ “thinks”
that it is a proper class whenever its cardinality (in U) is κ.

Exercise 12.7. Let κ be the least inaccessible cardinal. Show that
Vκ |ù “there are no inaccessible cardinals.”

Conclude that if ZFC is consistent, then so is ZFC together with the assertion that there are no
inaccessible cardinals.

Exercise 12.8. Show that Vω satisfies all of the axioms of ZFC except one (which one?).
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13. Talking about logic in U

13.1. The endgame
Our overarching goal in §14 is to define an inner model, denoted by L, that satisfies ZF and is “as
thin as possible.” What do we mean by that? Due to the Comprehension Schema, a universe of set
theory must include, together with every set X, each of its subsets of the form tx P X : ϕpxq if trueu,
where ϕ is some formula with one free variable x. Calling such subsets of X “definable,” we would
like to form the “definable powerset”

DpXq :“ “tA Ď X : A is definableu.”

(We are using quotes because we haven’t defined what “definable” means yet.) Then the universe of
“necessary” sets can be built recursively as follows:

Lα :“

$

’

&

’

%

∅ if α “ 0;
DpLβq if α “ β ` 1;
Ť

tLγ : γ ă αu if α is a limit ordinal,

L :“
ď

tLα : α P Ordu.

In other words, we mimic the construction of V but replace each powerset operation by its “definable”
counterpart.

In order to carry out this construction, we need to have a rigorous definition of the definable
powerset operation Dp¨q. In particular, in order for DpXq to really be a subset of PpXq, we must
ensure that the statement “A is definable” can be expressed by a formula in the language of set
theory. The subtle issue here is that we cannot directly talk about formulas inside the language of
set theory, because formulas are not sets. Nevertheless, if we believe that set theory is expressive
enough to model all of mathematics, then in particular we should be able to “encode” formulas and
logic within set theory. Developing such an “encoding” is the aim of this section.

13.2. U-formulas
For the remainder of §13, we fix a universe U of set theory satisfying ZF. A U-formula, roughly
speaking, is a set in U that “represents” a formula in the language of set theory. The precise
definition is recursive. First, we fix sets in U that will represent logical symbols. Say, let

9“ :“ 0, 9P :“ 1, 9̂ :“ 2, 9 :“ 3, 9D :“ 4.

In other words, we shall use the numbers 0, 1, 2, 3, 4 to play the roles of the symbols ““,” “P,” “^,”
“ ,” “D,” and we put a dot above each symbol to indicate that we are talking about the corresponding
member of U.xi Next, we let

Var :“ tn P ω : n ě 5u.
We refer to the elements of Var as U-variables. They will be used as variables in our U-formulas.
Note that the set of all U-variables is countably infinite. Define

0F :“ tp 9“, x, yq, p 9P, x, yq : x, y P Varu.

The elements of the set 0F are called atomic U-formulas. An atomic U-formula of the form p 9“, x, yq
represents the formula “x “ y,” while p 9P, x, yq represents “x P y.” Now, for each n P ω, we let

n`1F :“ nF Y tp 9̂ , f, gq, p 9 , fq, p 9D, x, fq : f, g P nF, x P Varu.

xi“Where are _,Ñ, and @?” I hear you ask. In the interest of saving space, we got rid of them. For instance, instead
of “@x p. . .q,” we can always write “ Dx p. . .q.” Using more symbols would not change the rest of the construction in
any substantial way.
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Here p 9̂ , f, gq, p 9 , fq, and p 9D, x, fq represent “f ^ g,” “ f ,” and “Dx f ,” respectively. Finally, we set

F :“
ď

nPω
nF,

and refer to the elements of the set F as U-formulas. The “U” in “U-formulas” is supposed to
emphasize that U-formulas are sets in U. It should be clear from this definition that every “actual”
formula ϕ can be naturally represented by a U-formula, which we denote by xϕy. For instance, if ϕ
is a formula asserting that x “ ∅, i.e., ϕ “ p Dy py P xqq, then we have

xϕy “ x Dy py P xqy “
´

9 ,
´

9D, y, p 9P, y, xq
¯¯

.

The precise details of the above construction of U-formulas are not really important; what matters
is that such a construction exists. In particular, to improve readability, we will usually write simply
“x 9“ y” instead of “p 9“, x, yq,” “f 9̂ g” instead of “p 9̂ , f, gq,” etc. We will also use symbols such as
“ 9_” and “ 9Ñ” as obvious shortcuts.

Exercise 13.1. Show that every U-formula is a finite set. Moreover, show that F Ď Vω. Conclude
that the set F is countable (because Vω is countable).

Exercise 13.2 (U-formulas with parameters). For a set W , recursively define the set FW of all
U-formulas with parameters from W . You should express FW as a union

FW “
ď

nPω
nFW ,

where 0FW is the set of all atomic U-formulas with parameters from W .

If C is a class, we define the class FC of all U-formulas with parameters from C as follows:
FC :“ tf : f P FW for some set W Ď Cu.

(Here we use that every individual U-formula involves only a finite set of parameters.)

Exercise 13.3. Assuming AC, show that if W is an infinite set, then |FW | “ |W |.

13.3. Induction/recursion on the complexity of U-formulas
Recall that the set F of all U-formulas is defined as the union

F “
ď

nPω
nF,

where tnF : n P ωu is a recursively defined sequence starting with the set 0F of atomic U-formulas.
For a U-formula f P F, we define its complexity comppfq as the least n P ω such that f P nF. One
similarly defines the complexity of a U-formula with parameters.

A standard way of proving things related to U-formulas is by induction on their complexity. To
illustrate this idea, let us formally define the set of all free variables in a U-formula f . We recursively
define a sequence of functions FVarn : nF Ñ PpVarq, for all n P ω, as follows. For n “ 0, let

FVar0pfq :“ tx, yu if f “ px 9“ yq or f “ px 9P yq.

If FVarn is already defined, then for each f P n`1F, let

FVarn`1pfq :“

$

’

’

’

&

’

’

’

%

FVarnpfq if comppfq ď n;
FVarnpgq Y FVarnphq if f “ pg 9̂ hq;
FVarnpgq if f “ p 9 gq;
FVarnpgqztxu if f “ p 9Dx gq.

(13.1)

Finally, let
FVarpfq :“ FVarnpfq whenever comppfq “ n,
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and call FVarpfq the set of all free variables in f . The above definition is usually phrased (somewhat
loosely) in the following more concise form: We define the set FVarpfq Ď Var as follows:

FVarpfq :“

$

’

’

’

&

’

’

’

%

tx, yu if f “ px 9“ yq or f “ px 9P yq;
FVarpgq Y FVarphq if f “ pg 9̂ hq;
FVarpgq if f “ p 9 gq;
FVarpgqztxu if f “ p 9Dx gq.

(13.2)

Exercise 13.4. Extend the above recursive definition of the set FVarpfq to all U-formulas f with
parameters from a given set W .

Exercise 13.5. Give a recursive definition of the set Subpfq of all subformulas of a U-formula f ,
i.e., the U-formulas that appear in the construction of f . For instance,

Subpx Dy py P xqyq “ txy P xy, xDy py P xqy, x Dy py P xqyu.

Exercise 13.6. Show that if f is a U-formula, then the sets FVarpfq and Subpfq are finite.

A U-formula f such that FVarpfq “ ∅ is called a U-sentence. The set of all U-sentences with
parameters from a set W is denoted by F0

W . More generally, FkW is the set of all U-formulas with
parameters from W and with exactly k free variables, and similarly, Fk is the set of all U-formulas
with k variables and no parameters (in other words, Fk :“ Fk∅).

Remark 13.1. We can now explain our use of the somewhat clumsy notation “nF” instead of the
more agreeable options “Fn” and “Fn”: these expressions are reserved for other purposes. Indeed,

‚ nF is the set of all U-formulas without parameters of complexity at most n,
‚ Fn is the set of all U-formulas with parameters from the set n “ t0, 1, . . . , n´ 1u,
‚ Fn is the set of all U-formulas without parameters and with n free variables.

Exercise 13.7. Let W be a set. For a U-formula f P F1
W and an element a PW , give a recursive

definition of the U-sentence fpaq P F0
W obtained by plugging in a in place of the free variable in f .

Note that if C is a proper class, then we can also define the classes

nFC :“
ď

tnFW : W is a subset of Cu.

However, one has to be extremely careful with recursive definitions involving such classes. For
instance, look at our definition of the function FVar. Formally, instead of defining FVar “in one go,”
as in (13.2), we actually had to first construct a sequence of functions FVarn : nF Ñ PpVarq using
the recursive formula (13.1). This sequence is itself a function defined on ω and sending each n
to FVarn. Here it is important that each FVarn is a set, which makes it an allowable value for a
function. Imagine now trying to do something similar on a proper class FC. Then each FVarn would
be defined on the proper class nFC, i.e., FVarn would have to be a class function, not a set function.
As a result, FVarn would fail to be a valid value for a function, so it would be meaningless to talk
about the “function” n ÞÑ FVarn, and the recursive construction will break down.

This is a general feature of recursive definitions. It is important that the value of a recursively
defined function on any given input is determined by the values it takes on some set (not a proper
class!) of previously considered inputs. For example, when we recursively define a class function
Φ: Ord Ñ U, each Φpαq has to be expressed in terms of the values Φpβq for β ă α, and all such β
form a set (namely α itself). Similarly, (13.2) reduces computing FVarpfq for a U-formula f with
comppfq “ n to knowing the values FVarpgq for all g of complexity less than n, and such U-formulas
g form a set.

Of course, we still can define the set of all free variables in a U-formula f P FC, because in fact
f P FW for some subset W Ď C. This might make the above discussion seem like unnecessary
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pedantry; however, in the next subsection we will see an important example where extending
recursive definitions to formulas with arbitrary parameters becomes not just technically problematic,
but in fact impossible.

Exercise 13.8. Extend the result of Exercise 13.7 by defining a class function
F1
U ˆ UÑ F0

U : pf, aq ÞÑ fpaq.

13.4. Truth of U-formulas
Formulas are useful because they assert something. Similarly, we want to view U-formulas as
statements that have meaning and hence can be true or false. Unfortunately, an attempt to define
what it means for a U-formula to be true leads to unexpected difficulties:xii

Lemma 13.2 (Truth is not definable). Let F0
U be the class of all U-sentences with arbitrary

parameters. There is no class function Truth : F0
U Ñ t0, 1u satisfying the following equation:

Truthpfq “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

1 if f “ pa 9“ bq and a “ b;
1 if f “ pa 9P bq and a P b;
1 if f “ pg 9̂ hq and Truthpgq “ Truthphq “ 1;
1 if f “ p 9 gq and Truthpgq “ 0;
1 if f “ p 9Dx gq and Da pTruthpgpaqq “ 1q;
0 otherwise.

(13.3)

Equation (13.3) looks an awful lot like a definition by recursion on the complexity of f (similar to
(13.2)), so it might seem strange that, according to Lemma 13.2, it doesn’t actually define anything.
But remember the discussion from the end of §13.3! To compute the value Truthp 9Dx gq using (13.3),
we have to first determine the values Truthpgpaqq for every a P U, i.e., we need to already know a
proper class of values of Truth. That is why (13.3) cannot be converted into a correct recursive
definition (such as (13.1)). This observation, of course, doesn’t by itself prove that there is no other
way to define a class function satisfying (13.3); but that we shall do now.

Proof. Suppose that Truth is such a class function. Consider an arbitrary U-formula f P F1
U.

Since f has one free variable, we can plug in any set a into f and obtain a U-sentence fpaq (see
Exercise 13.8), which should be either true or false, depending on whether Truthpfpaqq is 1 or 0. Since
f itself is a set, we can plug f into itselfxiii and get a U-sentence fpfq. For some f , Truthpfpfqq “ 1,
while for others, Truthpfpfqq “ 0. For example, if f “ xx is a U-formulay, then Truthpfpfqq “ 1,
because f is a U-formula. On the other hand, if f “ xx is infinitey, then Truthpfpfqq “ 0, because,
like any U-formula, f is finite (see Exercise 13.1). Now we define the following U-formula with one
free variable, denoted below by f :

g :“ xf is a U-formula with one free variable and Truthpfpfqq “ 0y. (13.4)
The statement within the x. . .y in (13.4) can be written out as a formula in the language of set
theory—because, by our assumption, Truth is a class function. Therefore, the above definition
of g makes sense. And now the punchline: What is Truthpgpgqq? If Truthpgpgqq “ 1, then g is a
U-formula satisfying Truthpgpgqq “ 0; a contradiction. But, conversely, if Truthpgpgqq “ 0, then g is
a U-formula such that Truthpgpgqq ‰ 0; a contradiction again. �

In view of Lemma 13.2, you may wonder if there is any point in talking about U-formulas at all,
given that there is no coherent way to define what it means for a U-formula to be true. Thankfully,
there is still something we can do. Recall that the troubles in Lemma 13.2 stem from our desire to

xiiOr maybe they should have been expected? If we could define truth, would philosophy departments still exist?
xiiiGalaxy brain moment.
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treat U-formulas with parameters ranging over the entire universe. We could be more modest and
restrict our parameters and quantifiers to some set W ; indeed, this restriction turns (13.3) into an
appropriate recursive definition:

Theorem 13.3 (Truth in a model). There exists a unique class function Truth with domain
tpW, fq : f P F0

W u and range t0, 1u, such that for every set W and for all f P F0
W ,

TruthpW, fq “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

1 if f “ pa 9“ bq and a “ b;
1 if f “ pa 9P bq and a P b;
1 if f “ pg 9̂ hq and TruthpW, gq “ TruthpW,hq “ 1;
1 if f “ p 9 gq and TruthpW, gq “ 0;
1 if f “ p 9Dx gq and Da PW pTruthpW, gpaqq “ 1q;
0 otherwise.

(13.5)

Proof. The restriction to the set F0
W turns (13.5) into a valid definition by recursion on the

complexity of f that can be converted into a standard recursive definition analogous to (13.1). To
really drive the point home, we do this explicitly here.

Given a set W , we recursively define functions Tn : nF0
W Ñ t0, 1u, for all n P ω. For n “ 0, let

T0pfq :“

$

’

&

’

%

1 if f “ pa 9“ bq and a “ b;
1 if f “ pa 9P bq and a P b;
0 otherwise.

If Tn is already defined, then for each f P n`1F
0
W , define

Tn`1pfq :“

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Tnpfq if comppfq ď n;
1 if f “ pg 9̂ hq and Tnpgq “ Tnphq “ 1;
1 if f “ p 9 gq and Tnpgq “ 0;
1 if f “ p 9Dx gq and Da PW pTnpgpaqq “ 1q;
0 otherwise.

Finally, we let TruthpW, fq :“ Tnpfq whenever comppfq “ n. Checking that this definition satisfies
the requirements of the theorem and that such a class function Truth is unique are left as exercises. �

Let Truth be the class function from Theorem 13.3. When TruthpW, fq “ 1, we say that f holds
in W , or W satisfies f , and write W |ù f . Note that if ϕ is a formula, then the expressions W |ù ϕ
and W |ù xϕy are equivalent. The moral of this story can be summed up as follows:

There is no meaningful sense in which a U-formula is true or false “in the universe”;
but we can nonetheless talk about U-formulas that hold or don’t hold in a given set.

Exercise 13.9. Show that there exists a class function T : 100F
0
U Ñ t0, 1u such that:

T pfq “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

1 if f “ pa 9“ bq and a “ b;
1 if f “ pa 9P bq and a P b;
1 if f “ pg 9̂ hq and T pgq “ T phq “ 1;
1 if f “ p 9 gq and T pgq “ 0;
1 if f “ p 9Dx gq and Da pT pgpaqq “ 1q;
0 otherwise,

for every U-sentence f with arbitrary parameters of complexity at most 100.
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14. Gödel’s constructible universe L

14.1. Definable subsets and definable powersets
Definition 14.1 (Definable subsets). Let W be a set. A subset A ĎW is definable in W if there
is a U-formula f P F1

W (i.e., with one free variable and with parameters from W ) such that

A “ ta PW : W |ù fpaqu.

In this case, we say that f defines A in W . The definable powerset of W is the set

DpW q :“ tA ĎW : A is definable in W u.

Prototypical examples of definable subsets of W are of the form ta PW : W |ù ϕpaqu, where ϕ
is a formula with one free variable and with parameters from W . Indeed, such a set is defined by
the corresponding U-formula xϕy. Some concrete examples of definable subsets of W are:

‚ W itself: W “ ta PW : W |ù a 9“ au,
‚ the empty set: ∅ “ ta PW : W |ù 9 pa 9“ aqu,
‚ every one-element subset of W : if b PW , then

tbu “ ta PW : W |ù a 9“ bu

(here b is used as a parameter).
The last example can be generalized to show that every finite subset of W is definable in W . Indeed,
if k P ω and a1, . . . , ak PW , then

ta1, . . . , aku “ ta PW : W |ù pa 9“ a1q 9_ . . . 9_pa 9“ akqu.

In particular, if W is finite, then DpW q “ PpW q. Not so if W is infinite:

Lemma 14.2. Assume AC. If W is an infinite set, then |DpW q| “ |W |. Hence, DpW q ‰ PpW q.

Proof. Since every one-element subset ofW is in DpW q, we have |W | ď |DpW q|. For the opposite
inequality, notice that |DpW q| ď |F1

W | ď |FW |, since the function

F1
W Ñ DpW q : f ÞÑ ta PW : W |ù fpaqu

is surjective. By Exercise 13.3, |FW | “ |W |, and we are done. �

Exercise 14.1. Show, without AC, that if W is a countable set, then DpW q is also countable. More
generally, show that if W is an infinite well-orderable set, then DpW q is also well-orderable and
|W | “ |DpW q| (cf. Lemma 16.2).

Exercise 14.2. Show that for any setW , DpW q is an algebra overW , meaning that if A, B P DpW q,
then AYB, AXB, AzB P DpW q as well.

Note that if X Ď Y , then PpXq Ď PpY q. For definable powersets, this property may fail. Indeed,
if X R DpY q, then DpXq Ę DpY q as X P DpXq. Nevertheless, we have the following:

Lemma 14.3. If X and Y are sets such that X Ď Y and X P Y , then DpXq Ď DpY q.

Proof. Take any A P DpXq. We want to show that A P DpY q. Write

A “ ta P X : X |ù fpaqu

for some f P F1
X . We can (exercise!) recursively build a U-formula fX by restricting the domain of

every quantifier in f to X. Then all the parameters in fX come from Y . (Note that fX uses X as
a parameter, but, thankfully, X P Y .) This allows us to write

A “ ta P Y : Y |ù pa 9PXq 9̂ fXpaqu P DpY q. �
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14.2. The definition and basic properties of L
We can formally define L. For each ordinal α, we recursively build a set Lα as follows:

Lα :“

$

’

&

’

%

∅ if α “ 0;
DpLβq if α “ β ` 1;
Ť

tLγ : γ ă αu if α is a limit ordinal,

Gödel’s constructible universe is the class L given by

L :“
ď

tLα : α P Ordu.

A set x is called constructible if x P L. The order of a constructible set x is

orderpxq :“ mintα P Ord : x P Lαu.

(This is analogous to the definition of rank for sets in V .)

Lemma 14.4. Let α be an ordinal. Then:
‚ Lγ Ď Lα for all γ ď α, and
‚ the set Lα is transitive.

Therefore, L is a transitive class.

Proof. There is a reason why we combined these two statements in one lemma: we will prove
them simultaneously by induction on α. The cases when α “ 0 and α is a limit ordinal are clear
(exercise!), so consider the case when α “ β` 1. By the inductive hypothesis, Lγ Ď Lβ for all γ ď β,
so to prove the first part of the lemma, we just need to show that Lβ Ď Lβ`1. Let A P Lβ . By the
inductive assumption, Lβ is transitive, so A Ď Lβ . Then we may use A as a parameter and obtain

A “ ta P Lβ : Lβ |ù a 9PAu P DpLβq “ Lβ`1,

as desired. To show that Lβ`1 is transitive, consider any element A P Lβ`1. Then A is a definable
subset of Lβ . But we have already shown that Lβ Ď Lβ`1, so A Ď Lβ Ď Lβ`1, and we are done. �

Exercise 14.3. Show that for each α P Ord, Lα “
Ť

γăαDpLγq.

Exercise 14.4. Show that for every constructible set x, orderpxq is a successor ordinal, and if y P x,
then y is also constructible with orderpyq ă orderpxq.

Exercise 14.5. Show that Lα Ď Vα for all α P Ord, and hence L Ď V .

Since for a finite set W , DpW q “ PpW q, we conclude that

Ln “ Vn for all n P ω,

and hence also Lω “ Vω. But on the next level the two hierarchies separate, as Lω`1 ‰ Vω`1,
because Lω`1 “ DpLωq is countable (see Exercise 14.1), while Vω`1 “ PpVωq is not.

Lemma 14.5. Every ordinal α is constructible with orderpαq “ α ` 1. In other words, for all
α P Ord, we have OrdX Lα “ α.

Proof. The proof is by induction on α, so suppose that for all γ ă α, we have Ord X Lγ “ γ.
Since OrdX Lα Ď OrdX Vα “ α, we only need to show that α Ď Lα. In other words, given any
γ ă α, we have to argue that γ P Lα. But

γ “ OrdX Lγ “ tx P Lγ : x is an ordinalu
“ tx P Lγ : Lγ |ù xx is an ordinalyu P DpLγq “ Lγ`1 Ď Lα,

where we are using that being an ordinal can be defined by a ∆0-formula (see Exercise 12.1(d)). �
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The proof of Lemma 14.5 can be summarized as follows: to construct the next ordinal, simply
take the set of all ordinals that you have already constructed.
Corollary 14.6. L is an inner model.
Proof. L is a transitive class by Lemma 14.4 and Ord Ď L by Lemma 14.5. �

14.3. A preview of further results about L
Here we summarize the main properties of L that we will eventually demonstrate:
Theorem 14.7. If U |ù ZF, then L |ù ZFC`GCH. Hence, if ZF is consistent, then so is ZFC`GCH.

To advertise L even more, let us state a simple application of the above result. We say that a
formula ϕ without parameters is arithmetical if all of its quantifiers are bounded by Vω, i.e., are
of the form “Dx P Vω” or “@x P Vω.”xiv The word “arithmetical” is used because Vω is a countable
set all of whose elements are finite, so arithmetical formulas are really statements about finite sets,
and as such can be “encoded” as statements about natural numbers. Here are some examples of
statements that can be formulated as arithmetical formulas:
Example 14.8. Fermat’s Last Theorem is the assertion that

@x, y, z, n P ω px, y, z, ě 1 ^ n ě 3 ÝÑ xn ` yn ‰ znq.

This statement was a notorious open problem for over 350 years (even though Pierre de Fermat
claimed in 1637 that he had found “a truly marvelous proof of this, which this margin is too narrow
to contain”), until it was finally proved by Andrew Wiles in 1994.
Example 14.9. Prime numbers p and q are called twin primes if |p ´ q| “ 2. The Twin Primes
Conjecture is the statement that there are infinitely many pairs of twin primes. It may seem “there
are infinitely many” is an expression involving quantifying over infinite sets, but in fact the Twin
Primes Conjecture can be written as an arithmetical statement:

@n P ω Dp, q P ω pp ě n ^ q ě n ^ p and q are twin primesq.
This conjecture is still widely open.
Example 14.10. Another famous open problem that can be formulated as an arithmetical statement
is the P vs. NP Problem. Roughly speaking, P ‰ NP is the statement that a certain computational
problem called SAT (for “satisfiability”) cannot be solved by a computer program whose running
time is polynomial in the size of its input. In contrast to the previous examples, it is less clear why
this is an arithmetical statement; the idea is that a computer program is a finite piece of text, and
so it can be represented by a finite set in Vω. The problem of whether P ‰ NP is one of the most
celebrated open questions in mathematics. In particular, it is included on the list of the Millennium
Prize Problems, so if you manage to solve it, the Clay Mathematics Institute will pay you $106.

Since many important open problems can be formulated as arithmetical statements, it is natural to
wonder whether stronger set-theoretic assumptions can simplify their solution. Recall, for example,
Goodstein’s Theorem 7.14: it is an arithmetical statement about natural numbers, and yet its proof
involves arithmetic on infinite ordinals! However, Theorem 14.7 shows that the truth of arithmetical
statements cannot be contingent on assumptions such as AC or CH:
Corollary 14.11. Let ϕ be an arithmetical sentence. If ϕ can be proved in ZFC ` GCH, then ϕ
can be proved in ZF alone.
Proof. Suppose that ϕ is provable in ZFC ` GCH and let U |ù ZF. By Theorem 14.7, L |ù
ZFC ` GCH, and so L |ù ϕ. But all quantifiers in ϕ are restricted to Vω, and “Vω” has the same
meaning in U and in L (why?), so ϕL is equivalent to ϕ. Hence, U |ù ϕ, as desired. �

xivWe do not view Vω here as a parameter, because a formula of the form “Dx P Vω p. . .q” can be rewritten as
Dx px P Vω ^ p. . .qq,” and the property “x P Vω” can be expressed by a formula without parameters.
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14.4. L satisfies ZF; the Reflection Principle
We begin our analysis by showing that L satisfies all of the axioms of ZF except for the Axiom
Schemas of Comprehension and Replacement.

Lemma 14.12. If U |ù ZF, then L |ù ZF´ Comp´ Rep.

Proof. The axioms Ext, Empty, Inf, and AF are immediate.

‚ L |ù Pair: Take x, y P L and let α :“ maxtorderpxq, orderpyqu. Then tx, yu is a finite (hence
definable) subset of Lα, so tx, yu P Lα`1.

‚ L |ù Union: If x P Lα, then, since Lα is transitive, we have
Ť

x Ď Lα, and thus
ď

x “ tz P Lα : Lα |ù Dy P xpz P yqu P DpLαq “ Lα`1.

‚ L |ù Pow: Let x P L. We must argue that the following set is in L:

P :“ ty P L : y Ď xu.

To that end, let α :“ suptorderpyq : y P P u. Note that α is a well-defined ordinal, because
P is a set and each y P P is constructible (so orderpyq makes sense). Then P Ď Lα, so

P “ ty P Lα : Lα |ù y Ď xu P DpLαq “ Lα`1. �

Next we want to show L satisfies the Axiom Schema of Comprehension. Let X, a1, . . . , ak P L
and let ϕpx, a1, . . . , akq be a formula with a free variable x and parameters a1, . . . , ak. We need to
prove that the following set is in L:

Y :“ ta P X : L |ù ϕpa, a1, . . . , akqu.

Take α P Ord such that X, a1, . . . , ak P Lα and define

Y 1 :“ ta P X : Lα |ù ϕpa, a1, . . . , akqu “ ta P Lα : Lα |ù ϕpa, a1, . . . , akq ^ a P Xu P Lα`1.

It would be great is we could show that Y “ Y 1, i.e., that Lα and L “agree” in their opinions on the
formula ϕ. But how can we ensure that Lα “knows” what L will eventually “think” is true? The
solution is provided by a general result known as the Reflection Principle.

First, we require some terminology. We say that C “
Ť

tCα : α P Ordu is a stratified class if
Ord Ñ U : α ÞÑ Cα is a class function such that:

‚ if α ď β, then Cα Ď Cβ,
‚ if α is a limit ordinal, then Cα “

Ť

tCγ : γ ă αu.
Prototypical examples of stratified classes are

V “
ď

tVα : α P Ordu and L “
ď

tLα : α P Ordu.

We wish to prove that if C “
Ť

tCα : α P Ordu is a stratified class, then we can find an ordinal β
such that the set Cβ in some sense “reflects” the properties of the entire class C.

Let D Ď C be classes. Let ϕpx1, . . . , xkq be a formula with free variables x1, . . . , xk and without
parameters. We say that ϕ is absolute between D and C if for all a1, . . . , ak P D,

D |ù ϕpa1, . . . , akq ðñ C |ù ϕpa1, . . . , akq.

In other words, ϕ is absolute between D and C if D and C agree on the truth value of ϕ whenever it
is applied to elements of D. Now we can state the aforementioned Reflection Principle:

Theorem 14.13 (Reflection Principle). Let C “
Ť

tCα : α P Ordu be a stratified class and let ϕ1,
. . . , ϕn be a finite list of formulas without parameters. Then there is an ordinal β such that all the
formulas ϕ1, . . . , ϕn are absolute between Cβ and C.
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Note that Theorem 14.13 is really a “theorem schema,” in the sense that it cannot be phrased
as a single formula in the language of set theory, since it involves quantification over finite lists of
formulas. (Here we mean really finite, not indexed by an element of ω.) On a related note, it is
impossible to replace “formulas” by “U-formulas” in Theorem 14.13, because there is no sense in
which C |ù f if f is a U-formula and C is a proper class (see §13.4).

Example 14.14. Suppose that ϕ1, . . . , ϕn are sentences satisfied by V (for instance, ϕ1, . . . , ϕn
could be some of the axioms of ZF). By the Reflection Principle, there is an ordinal β such that ϕ1,
. . . , ϕn are absolute between Vβ and V ; in other words, Vβ |ù ϕ1 ^ . . .^ ϕn. Thus, we can always
find Vβ in which any given finite part of ZF holds! (Compare this to Theorem 12.6.)

The Reflection Principle is often applied in the form of the following corollary:

Corollary 14.15. Let C “
Ť

tCα : α P Ordu be a stratified class and let ϕ1, . . . , ϕn be a finite
list of formulas without parameters. Then for every γ P Ord, there is β ě γ such that ϕ1, . . . , ϕn
are absolute between Cβ and C.

Proof. For each α P Ord define C 1α :“ Cγ`α. Then C “
Ť

tC 1α : α P Ordu is still a stratified
class, so, by Theorem 14.13, there is δ P Ord such that ϕ1, . . . , ϕn are absolute between C 1δ “ Cγ`δ
and C. Setting β :“ γ ` δ finishes the proof. �

Exercise 14.6. Deduce from Theorem 14.13 the following strengthening: Let C “
Ť

tCα : α P Ordu
be a stratified class and let ϕ1, . . . , ϕn be a finite list of formulas without parameters. Then there
is an infinite cardinal κ such that ϕ1, . . . , ϕn are absolute between Cκ and C.

With the help of the Reflection Principle, we can now finish the proof that L |ù ZF:

Theorem 14.16. If U |ù ZF, then L |ù ZF.

Proof. Thanks to Lemma 14.12, it only remains to show that L satisfies Comprehension and
Replacement. We shall prove L |ù Comp, leaving L |ù Rep as an exercise.

Let X, a1, . . . , ak P L and let ϕpx, a1, . . . , akq be a formula with a free variable x and parameters
a1, . . . , ak. As discussed earlier, we want to prove that the following set is in L:

Y :“ ta P X : L |ù ϕpa, a1, . . . , akqu.

Let γ be an ordinal such that X, a1, . . . , ak P Lγ . By the Reflection Principle, there is an ordinal
β ě γ such that ϕ is absolute between Lβ and L. Then

Y “ ta P Lβ : L |ù ϕpa, a1, . . . , akq ^ a P Xu

rby absolutenesss “ ta P Lβ : Lβ |ù ϕpa, a1, . . . , akq ^ a P Xu P Lβ`1. �

In the next subsection, we shall prove Theorem 14.13.

14.5. Proof of the Reflection Principle
Suppose that C “

Ť

tCα : α P Ordu is a stratified class and let ϕ1, . . . , ϕn be a finite list of formulas
without parameters. For simplicity, we will assume that the formulas ϕi are constructed using only
P, “, ^,  , and D as logical symbols (but not _ and @). (See footnote xi.) More importantly, we
shall assume that the list ϕ1, . . . , ϕn together with each formula ϕ contains all of ϕ’s subformulas.
For instance, if the formula

Dy py P x ^  Dz pz P yqq (i.e., ∅ P x)

is on the list, then so should be

y P x ^  Dz pz P yq, y P x,  Dz pz P yq, Dz pz P yq, and z P y.
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Finally, we reorder the list ϕ1, . . . , ϕn in such a way that for each formula ϕi, all its subformulas
appear among ϕ1, . . . , ϕi. For instance, we could have n “ 6 and

ϕ1 “ z P y,

ϕ2 “ Dz pz P yq;
ϕ3 “  Dz pz P yq,

ϕ4 “ y P x, (14.1)
ϕ5 “ y P x ^  Dz pz P yq,

ϕ6 “ Dy py P x ^  Dz pz P yqq .

Consider any α P Ord and suppose that not all of ϕ1, . . . , ϕn are absolute between Cα and C.
Let i be the smallest index such that ϕi is not absolute between Cα and C and set ϕ :“ ϕi. Suppose
that ϕ has k free variables x1, . . . , xk. By the choice of ϕ, all ϕ’s subformulas, except ϕ itself, are
absolute between Cα and C. What can ϕ look like? It certainly cannot be a basic formula of the
form x “ y or x P y, because such formulas are always absolute. Neither can it be of the form
ϕ “ ψ1 ^ ψ2: if it were, then the subformulas ψ1 and ψ2 would be absolute between Cα and C, and
thus, for all a1, . . . , ak P Cα, we would have

Cα |ù ϕpa1, . . . , akq ðñ Cα |ù ψ1pa1, . . . , akq and Cα |ù ψ2pa1, . . . , akq

ðñ C |ù ψ1pa1, . . . , akq and C |ù ψ2pa1, . . . , akq

ðñ C |ù ϕpa1, . . . , akq.

Similarly, ϕ cannot be of the form ϕ “  ψ, for then ψ would be absolute between Cα and C, and so
ϕ would be absolute as well. Therefore, ϕ must be of the form

ϕpx1, . . . , xkq “ Dxψpx, x1, . . . , xkq. (14.2)
Again, the subformula ψ is absolute between Cα and C, which yields that for all a1, . . . , ak P Cα,

Cα |ù ϕpa1, . . . , akq ðñ Da P Cα such that Cα |ù ψpa, a1, . . . , akq

ðñ Da P Cα such that C |ù ψpa, a1, . . . , akq

ùñ Da P C such that C |ù ψpa, a1, . . . , akq

ðñ C |ù ϕpa1, . . . , akq.

Thus, the only reason why ϕ is not absolute is that for some a1, . . . , ak P Cα, we have
Da P C such that C |ù ψpa, a1, . . . , akq, but  Da P Cα such that C |ù ψpa, a1, . . . , akq.

This discussion motivates the following definition: Given a formula ϕ of the form (14.2) and
elements a1, . . . , ak P C, let Wϕpa1, . . . , akq denote the least ordinal α such that

Da P Cα with C |ù ψpa, a1, . . . , akq,

if such α exists (i.e., if C |ù ϕpa1, . . . , akq), and 0 otherwise. The letter “W ” here stands for “witness”:
the truth of the statement “C |ù ϕpa1, . . . , akq” is witnessed by some a P CWϕpa1,...,akq. Given an
ordinal α, define

Wϕpαq :“ suptWϕpa1, . . . , akq : a1, . . . , ak P Cαu,

and let
W pαq :“ max tWϕpαq : ϕ is on the list ϕ1, . . . , ϕnu. (14.3)

At this point, we should emphasize that the expression on the right-hand side of (14.3) is defined by
listing explicitly the relevant formulas (rather than by quantifying over them, which is not allowed).
For instance, if our list of formulas were given by (14.1), then we would write

W pαq :“ maxtWDz pz P yqpαq, WDy py Px^ Dz pz P yqqpαqu.
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Now we recursively define ordinals βm for m P ω by setting
β0 :“ 0, and βm`1 :“ W pβmq for all m P ω.

Finally, let
β :“ suptβm : m P ωu.

We claim that the formulas ϕ1, . . . , ϕn are absolute between Cβ and C, as desired. As observed
above, we only have to argue that if ϕ is one of the formulas among ϕ1, . . . , ϕn of the form (14.2),
then for all a1, . . . , ak P Cβ,

C |ù ϕpa1, . . . , akq ùñ Da P Cβ such that C |ù ψpa, a1, . . . , akq. (14.4)
To that end, notice that 0 “ β0 ď β1 ď β2 ď ¨ ¨ ¨ ď β (exercise!), so

Cβ “
ď

tCβm : m P ωu.

This means that for any a1, . . . , ak P Cβ , there is some m P ω with a1, . . . , ak P Cβm . Assuming that
C |ù ϕpa1, . . . , akq, this implies that there is some a P Cβm`1 Ď Cβ satisfying C |ù ψpa, a1, . . . , akq,
which yields (14.4) and finishes the proof.
Exercise 14.7. Pinpoint exactly every place in this argument where we used the assumption that
C “

Ť

tCα : α P Ordu is a stratified class.

14.6. Σ1-formulas and the Axiom of Constructibility
The Axiom of Constructibility is the assertion that every set is constructible, i.e., that U “ L.xv:

Constructibility

Every set is constructible.

The goal of this section is to prove that the Axiom of Constructibility holds in L:
Theorem 14.17. L satisfies the Axiom of Constructibility.

Theorem 14.17 can be understood as follows. Consider a universe U satisfying ZF. Then, by
Theorem 14.16, the class L, as defined in U, also satisfies ZF. This means that the definition of L
can be interpreted inside L, producing some subclass L1 Ď L. In other words, L1 is L’s version of L:
it is the class of all sets x P L such that L |ù “x is constructible.” Theorem 14.17 then asserts that,
in fact, L1 “ L; or, using the terminology developed in §14.4, the property of being constructible is
absolute between L and U.

How can we prove Theorem 14.17? It would be ideal if the statement “x is constructible” were
equivalent to a ∆0-formula, because then it would automatically be absolute between L and U.
Unfortunately, it is not necessarily equivalent to a ∆0-formula; however, it is equivalent to a formula
in a somewhat wider class—namely to a Σ1-formula.

Let ϕ be a formula in the language of set theory. We say that ϕ is a Σ1-formula if it is obtained
from a ∆0-formula by adding a sequence of existential and bounded universal quantifiers. For
instance, if ψ is a ∆0-formula, then

Dx Dy @z P y Du@v P u Dw ψ

is a Σ1-formula. Also, a Π1-formula is a formula that is obtained from ∆0-formula by adding a
sequence of universal and bounded existential quantifiers. For instance, if ψ is ∆0, then

@x@y Dz P y @u Dv P u@w ψ

is Π1. Observe that the negation of any Σ1-formula is equivalent to a Π1-formula; conversely, every
Π1-formula is equivalent to the negation of some Σ1-formula.

xvOften it is stated as “V “ L,” because U “ V by AF.
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Example 14.18. The statement “x is finite” can be expressed by a Σ1-formula:

x is finite ðñ Dn Df pn P ω and f is a bijection from n to x
looooooooooooooooooooooooomooooooooooooooooooooooooon

∆0

q.

Assuming AC, it can also be expressed by a negation of a Σ1-formula (and hence by a Π1-formula):

x is finite ðñ  Df pf is an injection from ω to x
loooooooooooooooooomoooooooooooooooooon

∆0

q.

Example 14.19. The statement “x is countable” can be expressed by a Σ1-formula:

x is countable ðñ Df pf is an injection from x to ω
loooooooooooooooooomoooooooooooooooooon

∆0

q.

Exercise 14.8. Let ϕ and ψ be Σ1-formulas (resp. Π1-formulas). Show that ϕ^ ψ and ϕ_ ψ are
also equivalent to Σ1-formulas (resp. Π1-formulas).

Example 14.20. The statement “κ is a cardinal” can be expressed by a Π1-formula:

κ is a cardinal ðñ κ P Ord
looomooon

∆0

^  Dα P κ Df pf is a bijection from α to κq
loooooooooooooooooooooooooomoooooooooooooooooooooooooon

Σ1

.

Example 14.21. The statement “y “ Ppxq” can be expressed by a Π1-formula:

y “ Ppxq ðñ @z pz P y ÐÑ z Ď xq.

Exercise 14.9. Show that the statement “R is a well-ordering on a set S” can be expressed both
by a Σ1-formula and by a Π1-formula.

Exercise 14.10. Assuming AC, show that every Σ1-formula is equivalent to a formula of the form
Dxψ, where ψ is ∆0.

In contrast to ∆0-formulas, Σ1-formulas may not have the same truth value in U and in a transitive
class C. However, if a transitive class C satisfies a Σ1-formula ϕ, then ϕ holds in U as well:

Exercise 14.11 (important!). Show that if C is a transitive class and ϕ is a Σ1-formula with no
free variables and with parameters from C, then

C |ù ϕ ùñ U |ù ϕ.

Example 14.22. Suppose that C is a transitive class containing Ord. Then CardC Ě Card,
because the statement “x is not a cardinal” is Σ1.

We say that a class C is Σ1 (resp. Π1) if there exists a Σ1-formula (resp. a Π1-formula) ϕpxq
without parameters such that x P C ðñ ϕpxq. Similarly, we say that a class function Φ is Σ1
(resp. Π1) if there is a Σ1-formula (resp. a Π1-formula) ϕpx, yq without parameters such that Φpxq “
y ðñ ϕpx, yq. Unless explicitly stated otherwise, we always assume that the “background theory”
is ZF. For instance, the class of all finite sets is Σ1 (and it is Π1 if AC holds; see Example 14.18).

Lemma 14.23. Let Φ be a Σ1-class function such that dompΦq is a Π1-class. Then Φ is also Π1.

Proof. Since Φ is a class function, for every x P dompΦq, there is precisely one set y such that
Φpxq “ y. Hence, we can write

Φpxq “ y ðñ x P dompΦq
looooomooooon

Π1

^ @z pz “ y _

Π1
hkkkkkkikkkkkkj

 pΦpxq “ z
loooomoooon

Σ1

qq. �
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Before moving on, let us make a few observations that will help us show that certain classes and
class functions are Σ1. We say that a set A is Σ1-identifiable if the class tAu is Σ1; in other words,
if there is a Σ1-formula ϕpxq without parameters such that

x “ A ðñ ϕpxq.

For instance, ω is Σ1-identifiable, since the property “x “ ω” can be expressed by a ∆0-formula
(and every ∆0-formula is Σ1). If A is a Σ1-identifiable set, then quantifiers ranging over A (i.e., of
the form “Dx P A” and “@x P A”) can be used in Σ1-definitions:

Dx P A p. . .q ðñ Dz pz “ A ^ Dx P z p. . .qq;

@x P A p. . .q ðñ Dz pz “ A ^ @x P z p. . .qq.

In particular, we can freely quantify over ω when defining Σ1-classes and Σ1-class functions. Another
observation is that if Φ is a Σ1-class function (i.e., the statement “Φpxq “ y” is given by a Σ1-formula
without parameters), then the statement “z P Φpxq” can be expressed by a Σ1-formula as follows:

z P Φpxq ðñ Dy pΦpxq “ y ^ z P yq.

Exercise 14.12. Let Φ and Ψ be Σ1-functions. Show that the composition Φ ˝Ψ is also Σ1, i.e.,
the statement “z “ ΦpΨpxqq” is equivalent to a Σ1-formula without parameters.

Our next observation is that recursive definitions are naturally Σ1. To make this statement
precise, we need to recall some terminology from §3.3. Let E be a class function. A function f is
called E-inductive if the domain of f is an ordinal α and, for all β ă α, we have fpβq “ Epfæβq.
We also say that a class function F : Ord Ñ U is E-inductive if F pβq “ EpFæβq for all β P Ord,
i.e., if for all α P Ord, the function Fæα is E-inductive. The class version of transfinite recursion
(Theorem 3.11) says that if every E-inductive function belongs to dompEq, then there is a unique
E-inductive class function F : Ord Ñ U. It turns out that if E is Σ1, then F is Σ1 as well:

Theorem 14.24 (Σ1-Recursion). Let E be a Σ1-class function such that every E-inductive function
belongs to dompEq. Then the unique E-inductive class function F : Ord Ñ U is also Σ1.

Proof. We have

F pαq “ y ðñ

∆0
hkkkikkkj

α P Ord ^

Df pf is a function
loooooooomoooooooon

∆0

^ dompfq “ α` 1
looooooooomooooooooon

∆0

^ f is E-inductive ^ fpαq “ y
loooomoooon

∆0

q.

It remains to check that “f is E-inductive” is a Σ1-statement. By definition,

f is E-inductive ðñ @β ď α pfpβq “ Epfæβqq

ðñ @β P α pfpβq “ Epfæβqq ^ fpαq “ Epfæαq.

At this point, we just have to show that the statement “fpβq “ Epfæβq” is Σ1. This follows from
Exercise 14.12; explicitly, we can write

fpβq “ Epfæβq ðñ Dg Dz pg “ fæβ
looomooon

∆0

^ z “ Epgq
looomooon

Σ1

^ fpβq “ z
looomooon

∆0

q. �

Exercise 14.13. State and prove the version of Theorem 14.24 for recursion up to ω.

Example 14.25. For a set x, let clpxq denote the transitive closure of x, i.e., the smallest transitive
set y such that x Ď y. The class function x ÞÑ clpxq is clearly Π1:

y “ clpxq ðñ y is transitive ^ x Ď y ^ @z ppz is transitive ^ x Ď zq ÝÑ y Ď zq .
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On the other hand, the transitive closure of x can be defined recursively, showing that the class
function x ÞÑ clpxq is Σ1. Indeed, if we set

fp0q :“ x, and fpn` 1q :“
ď

fpnq for all n P ω,

then clpxq “
Ť

nPω fpnq, so we may invoke Theorem 14.24 (or rather Exercise 14.13) to conclude
that x ÞÑ clpxq is a Σ1-class function. Explicitly, we can write

y “ clpxq ðñ Df
´

f is a function ^ dompfq “ ω ^

fp0q “ x ^ @n P ω
´

fpn` 1q “
ď

fpnq
¯

^ y “
ď

nPω

fpnq
¯

,

and it is not hard to verify that this definition is Σ1 (exercise!).

Now we can apply these results to the study of the constructible universe L:

Lemma 14.26. The class function Ord Ñ U : α ÞÑ Lα is Σ1.

Proof. We begin by noting that various constructions that have to do with U-formulas are defined
recursively and hence are Σ1. These include:

the class tFu, the class function W ÞÑ FW , the class function pf, aq ÞÑ fpaq,

and so on. Proving that these classes and class functions are Σ1 involves an analysis similar to that
performed in Example 14.25, and we omit it (but the reader is encouraged to do at least some of it
as an exercise). Of particular importance is the class function Truth given by Theorem 13.3:

TruthpW, fq “
#

1 if W |ù f,

0 if W |ù  f.

To see that the class function Truth is Σ1, one can either invoke Theorem 14.24, or explicitly write
TruthpW, fq “ i ðñ f PF0

W ^ DT pT is a function ^ dompT q “ F0
W ^

@g P F0
W

»

—

—

—

—

—

—

—

—

–

T pgq “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

1 if g “ pa 9“ bq and a “ b;
1 if g “ pa 9P bq and a P b;
1 if g “ ph 9̂ h1q and T phq “ T ph1q “ 1;
1 if g “ p 9 hq and T phq “ 0;
1 if g “ p 9Dxhq and Da PW pT phpaqq “ 1q;
0 otherwise.

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

^ T pfq “ iq.

Next we observe that the statement “A “ ta PW : W |ù fpaqu,” where f P F1
W , is Σ1:

A “ ta PW : W |ù fpaqu ðñ f P F1
W ^ @a P A pa PW ^ TruthpW, fpaqq “ 1q ^

@a PW pTruthpW, fpaqq “ 0 _ a P Aq.

Therefore, the statement “A is a definable subset of W” is also Σ1:
A is definable in W ðñ Df P F1

W pA “ ta PW : W |ù fpaquq.

Hence, the class function W ÞÑ DpW q is Σ1:
DpW q “ Y ðñ @A P Y pA is definable in W q ^

@f P F1
W DA P Y pA “ ta PW : W |ù fpaquq.

Notice the slight subtlety in this definition. Its second line is intended to say that every definable
subset of W is in Y , but we are not allowed to quantify over all subsets of W , so instead we use a
quantifier ranging over F1

W , which is acceptable because the class function W ÞÑ F1
W is Σ1.
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Finally, the class function α ÞÑ Lα is defined recursively by repeatedly applying the definable
powerset operation, so, by Theorem 14.24, it is Σ1. Again, the explicit Σ1-definition of this class
function is as follows:

W “ Lα ðñ α POrd ^ Df
´

f is a function ^ dompfq “ α` 1 ^ fp0q “ ∅ ^

@β ă α pfpβ ` 1q “ Dpfpβqqq ^

@β ď α
´

β is a limit Ñ fpβq “
ď

tfpγq : γ ă βu
¯

^ fpαq “W
¯

. �

Proof of Theorem 14.17. By Lemma 14.26, there is a Σ1-formula ϕpx, yq such that ϕpα,W q holds
if and only if α P Ord and W “ Lα. Consider the class L and let α be an arbitrary ordinal. By
Theorem 14.16, L |ù ZF. In particular,

L |ù “there is a unique set W such that ϕpα,W q,”
since the statement that for every ordinal α, there is a unique set W with ϕpα,W q, is a theorem of
ZF. Let Wα P L be the unique set such that L |ù ϕpα,Wαq; in other words, Wα is “L’s version” of
Lα. Since ϕ is a Σ1-formula, by Exercise 14.11, the truth of ϕ “lifts” from L to U, and thus

L |ù ϕpα,Wαq ùñ U |ù ϕpα,Wαq.

But U |ù ϕpα,Wαq means that Wα “ Lα; i.e., “L’s version” of Lα must actually coincide with the
“real” Lα. And now we are done, since L |ù “every set is constructible” is equivalent to

L “
ď

tWα : α P Ordu,

which is true since Wα “ Lα for all α P Ord and L “
Ť

tLα, : α P Ordu by definition. �

Exercise 14.14. Let C Ě Ord be a transitive class such that C |ù ZF. Show that L Ď C.

Exercise 14.15 (Condensation lemma). Let S be a transitive set such that
S |ù ZF` “all sets are constructible.”

Show that S “ Lα for some ordinal α.
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15. Problem set 5
The default axiom system is for the following problems is ZF.

Exercise 15.1. Show that the following properties and relations can be expressed by ∆0-formulas
without parameters:

(a) x “ y ˆ z,
(b) f is a function,
(c) f is a bijection from x to y,
(d) n is a natural number,
(e) x “ ω.

Here x, y, z, f , α, and n should be treated as free variables.

Exercise 15.2. Show that the statement
“R is a well-ordering on a set S,”

where S and R are free variables, is equivalent both to a Σ1-formula and to a Π1-formula.

Exercise 15.3. Fix a finite tuple ~p “ pp1, . . . , pnq. A set a is ordinal-definable over ~p if there exist:
‚ a natural number k P ω,
‚ a sequence of ordinals α1, . . . , αk, β with β ą α1, . . . , αk and p1, . . . , pn P Vβ, and
‚ a U-formula f P Fk`n`1 with k ` n` 1 free variables and no parameters, such that

tau “ tx P Vβ : Vβ |ù fpx, α1, . . . , αk, p1, . . . , pnqu.

That is, a is ordinal-definable over ~p if there is a U-formula f such that a is the unique element of
some Vβ for which f holds in Vβ, where f is allowed to use p1, . . . , pn and arbitrary ordinals as
parameters. The class of all sets that are ordinal-definable over ~p is denoted by ODp~pq. (Before
moving on, you should convince yourself that ODppq is indeed a class!) We also write OD :“ ODp∅q
and call sets a P OD ordinal-definable. For example, every ordinal α is ordinal-definable:

tαu “ tx P Vα`1 : Vα`1 |ù px “ αqu.

Similarly, for α, β P Ord, the set tα, βu is ordinal-definable via
ttα, βuu “ tx P Vγ : Vγ |ù pα P x ^ β P x ^ @y P x py “ α _ y “ βqqu,

where γ “ maxtα, βu ` 2.
With these definitions, we are ready to state the problem. Let ϕpx, ~α, ~pq be a formula (not a

U-formula!) with a single free variable x and with parameters
~α “ pα1, . . . , αkq and ~p “ pp1, . . . , pnq,

where α1, . . . , αk P Ord. Suppose that a is the unique set satisfying ϕpa, ~α, ~pq, i.e.,
tau “ tx : U |ù ϕpx, α1, . . . , αk, p1, . . . , pnqu.

Show that a P ODp~pq.

Exercise 15.4. Fix a finite tuple ~p “ pp1, . . . , pnq.
(a) Let ăωOrd be the class of all finite tuples of ordinals. Show that there exists a bijective class

function Φ: Ord Ñ ăωOrd defined by a formula without parameters.
(b) Show that there is a single formula ξpx, y, ~pq in the language of set theory with two free

variables x, y and with parameters ~p such that for every γ P Ord, there is at most one set a for
which ξpa, γ, ~pq holds, and

ODp~pq “ ta : Dγ P Ord ξpa, γ, ~pqu.
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Exercise 15.5. Recall the Principle of Global Choice (GC) from Exercise 11.6:

There is a class function G : UÑ U such that for every set A ‰ ∅, GpAq P A.

Show that GC is equivalent to the assertion that there exists a finite tuple ~p such that every set is
ordinal-definable over ~p. This means that while the original statement of GC involves quantification
over all class functions, it is actually equivalent to a single axiom:

D~p
`

~p is a finite tuple and @a pa P ODp~pqq
˘

.

Exercise 15.6. A set a is hereditarily ordinal-definable if a and all the elements of its transitive
closure are ordinal-definable. The class of all hereditarily ordinal-definable sets is denoted by HOD.

In this exercise, we establish the following result:

Theorem 15.1. If U |ù ZF, then HOD |ù ZFC.

(a) Show that HOD is a transitive class and Ord Ď HOD.
(b) Prove the following claims:

‚ HOD satisfies the Union Axiom,
‚ HOD satisfies the Powerset Axiom,
‚ HOD satisfies the Comprehension Schema,
‚ HOD satisfies the Replacement Schema.

(c) Show that HOD satisfies AC. Caution: You have to be careful because HOD might fail
to satisfy GC. (This does not contradict the result of Exercise 15.5—do you see why?)
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16. Further properties of L

16.1. L satisfies AC and the Principle of Global Choice
The goal of this subsection is to prove that L |ù AC, thus showing that if ZF is consistent, then
ZFC is consistent as well. In fact, we will show that L satisfies a stronger version of AC, called the
Principle of Global Choice (GC):

Global Choice (GC)

There is a class function G : UÑ U such that for every nonempty set A, GpAq P A

See Exercise 11.6 for a list of statements equivalent to this principle. Note that the above
statement of GC as well as its equivalent formulations given in Exercise 11.6 involve quantification
over class functions (that is why we are calling it a “principle” and not an “axiom”). Nevertheless,
it turns out to be equivalent to a certain single axiom—see Exercise 15.5.

Theorem 16.1. The Axiom of Constructibility implies GC.

From Theorems 14.17 and 16.1, it follows that L always satisfies GC (and hence AC), even if U
does not. This is why we proved Theorem 14.17 first: now instead of worrying about the differences
between L and U, we may just assume that every set is constructible, i.e., U “ L.

The proof of Theorem 16.1 hinges on the following observation:

Lemma 16.2. There exists a class function that, given a set W and a well-ordering ă on W ,
outputs a well-ordering ă˚ on DpW q.

Proof. Every definable subset of W is given by a U-formula with one free variable and with
parameters from W , so we just have to well-order the set F1

W . To that end, we fix an arbitrary well-
ordering Ÿ of F, which exists since F is countable (see Exercise 13.1). Every U-formula in F1

W can
be written as fpx,~aq, where x is the free variable and ~a “ pa1, . . . , akq is a finite tuple of parameters
from W . Hence, we may identify the elements of F1

W with pairs of the form pf,~aq, where

f “ fpx, x1, . . . , xkq P F and ~a “ pa1, . . . , akq P
ăωW.

(Recall that ăωW is the set of all finite tuples of elements of W .) The set ăωW can be well-ordered,
for example, lexicographically:

pa1, . . . , akq ălex pb1, . . . , b`q :ðñ pk ă `q or
pk “ ` and ai ă bi, where i is the least index such that ai ‰ biq.

This allows us to put a well-ordering ŸpW,ăq on F1
W as follows:

pf,~aq ŸpW,ăq pg,~bq :ðñ pf Ÿ gq or pf “ g and ~a ălex ~bq.

Finally, for each A P DpW q, let fA be the ŸpW,ăq-least U-formula in F1
W such that

A “ ta PW : W |ù fApaqu.

Then we obtain a desired well-ordering on DpW q by setting

A ă˚ B :ðñ fA ŸpW,ăq fB. �

Proof of Theorem 16.1. Suppose every set is constructible, i.e., U “ L. We will show that there
is a well-ordering of U, which is a statement equivalent to GC (cf. Exercise 11.6). To this end, we
recursively define well-orderings ăα on Lα, α P Ord, as follows. To begin with, let ă0 be the empty
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ordering on ∅ “ L0. Next, let β P Ord and suppose that ăβ is already defined. Let ă˚β be the well-
ordering of DpLβq “ Lβ`1 given by Lemma 16.2. Then for each x, y P Lβ`1, we let

x ăβ`1 y :ðñ px, y P Lβ and x ăβ yq or
px P Lβ and y P Lβ`1zLβq or
px, y P Lβ`1zLβ and x ă˚β yq.

This definition ensures that the ordering ăβ`1 extends ăβ and that Lβ is ăβ`1-downward closed.
This allows us to define, for limit ordinals α,

ăα :“
ď

γăα

ăα .

Now let ă :“
Ť

tăα : α P Ordu. Then ă is a well-ordering of L “ U, and thus GC holds. �

16.2. L satisfies GCH
Finally, we will prove in this subsection that L satisfies the Generalized Continuum Hypothesis:

Theorem 16.3. The Axiom of Constructibility implies GCH.

Again, by Theorem 14.17, L satisfied the Axiom of Constructibility, so Theorem 16.3 implies that
L |ù GCH. This, in turn, means that if ZF is consistent, then so is ZF` GCH.

Recall that, by Theorem 10.1, GCH implies AC. Therefore, it is a consequence of Theorem 16.3
that L |ù AC. However, we will actually use that L satisfies AC in the proof of Theorem 16.3. In
fact, for the remainder of this subsection we shall be working in ZFC.

The main ingredient in the proof of Theorem 16.3 is a remarkable fact concerning the cardinality
of sets that can be identified using a Σ1-formula.

Definition 16.4 (Σ1-identifiable sets). Let a be a set. We say that a set b is Σ1-identifiable over
a if there is a Σ1-formula ϕpx, yq with two free variables x, y and without parameters such that

y “ b ðñ ϕpa, yq,

i.e., if ty : ϕpa, yqu “ tbu.

How large, in terms of its cardinality, can a set that is Σ1-identifiable over a given set a be? On
the one hand, ω is Σ1-identifiable (even without using a), and |ω| “ ℵ0. On the other hand, a itself
is Σ1-identifiable over a (via the formula y “ a); furthermore, by Example 14.25, the set clpaq (i.e.,
the transitive closure of a) is also Σ1-identifiable over a. It turns out that no set of strictly greater
cardinality could be Σ1-identifiable over a:

Lemma 16.5 (Gödel’s Magic Lemma). Assume that U |ù ZFC. Let a and b be sets and suppose
that b is Σ1-identifiable over a. Then

|b| ď maxtℵ0, |clpaq|u.

We will prove Lemma 16.5 in §16.3. It is a perfect example of the power of mathematical logic,
in that it turns “syntactic” assumptions into “semantic” consequences. Using this lemma one can,
simply by looking at a definition of a set b and making sure that it involves no unbounded universal
quantifiers, obtain a sharp upper bound on |b|, without trying to understand what the definition
actually means at all!

Proof of Theorem 16.3 (from Lemma 16.5). Assume U “ L. By Theorem 16.1, this implies that
AC holds, so we can talk about cardinalities and use Lemma 16.5.

We start by making two observations:

Observation 16.6. For every infinite ordinal α, we have |Lα| “ |α|.
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Proof. Since α Ď Lα, |α| ď |Lα|. On the other hand, by Lemma 14.26, the set Lα is Σ1-identifiable
over α, and thus, by Lemma 16.5, we have

|Lα| ď maxtℵ0, |clpαq|u “ |α|,

where we are using that clpαq “ α ě ω. b

Recall that for a constructible set a, orderpaq is the least ordinal α such that a P Lα.

Observation 16.7. For every a P L, |orderpaq| ď maxtℵ0, |clpaq|u.

Proof. In view of Lemma 16.5, we just have to show that orderpaq is Σ1-identifiable over a. And
indeed, using Lemma 14.26, we obtain:

α “ orderpaq ðñ α P Ord ^ a P Lα ^ @β ă α pa R Lβq

ðñ α P Ord ^ DW pW “ Lα
looomooon

Σ1

^ a PW q ^ @β P α DU pU “ Lβ
looomooon

Σ1

^ a R Uq. b

Let κ be an infinite cardinal. We have to show that 2κ “ |Ppκq| ď κ`. To that end, consider an
arbitrary subset A Ď κ. Since U “ L, A is constructible, and, by Observation 16.7,

|orderpAq| ď maxtℵ0, |clpAq|u ď κ,

where we are using that κ is a transitive set and hence clpAq Ď κ. Therefore, orderpAq ă κ`, so

A P Lκ` .

Since this holds for every subset A Ď κ, we conclude that Ppκq Ď Lκ` , and thus, by Observation 16.6,

|Ppκq| ď |Lκ` | “ κ`. �

Exercise 16.1. Suppose that U “ L. Show that for every ordinal α, Vω`α Ď Lℵα .

Exercise 16.2. Suppose that U “ L and let κ be a cardinal such that κ “ ℵκ. Show that Vκ “ Lκ.

16.3. Proof of Gödel’s Magic Lemma
The proof of Lemma 16.5 relies on a combination of two important tools, the first of which is the
so-called Löwenheim–Skolem theorem:

Theorem 16.8 (Löwenheim–Skolem). Assume U |ù ZFC. Let A Ď B be sets. Then there exists a
set A˚ such that A Ď A˚ Ď B, |A˚| ď maxtℵ0, |A|u, and for every U-sentence f P F0

A˚ , we have

A˚ |ù f ðñ B |ù f.

Theorem 16.8 might seem similar to the Reflection Principle, and with good reason: its proof
relies on a similar process of adding witnesses to existential statements (called Skolemization).

Proof. Let S Ď B and suppose that there is some U-formula f P F0
S such that S |ù f ­ðñ B |ù f .

Consider such f of the lowest possible complexity. The same analysis as in the proof of the Reflection
Principle (see §14.5) shows that f must be of the form f “ 9Dx gpxq for some g P F1

S , which yields
the following result, known as the Tarski–Vaught test:

Exercise 16.3 (Tarski–Vaught test). Let S Ď B and suppose that for all g P F1
S ,

B |ù 9Dx gpxq ùñ Da P S such that B |ù gpaq.

Show that for all f P F0
S , we have S |ù f ðñ B |ù f .
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Fix a choice function choice : PpBqzt∅u Ñ B. For a U-formula g P F1
B with B |ù 9Dx gpxq, define

W pgq :“ choicepta P B : B |ù gpaquq,

and for a subset S Ď B, let
W pSq :“ tW pgq : g P F1

S such that B |ù 9Dx gpxqu.

Note that S ĎW pSq, since for each a P S, we have
a “ W px 9“ aq.

Now we recursively define a sequence of sets An, n P ω, by
A0 :“ A and An`1 :“ W pAnq for all n P ω.

(Note that A0 Ď A1 Ď A2 Ď . . .) Finally, set

A˚ :“
ď

nPω

An.

We claim that A˚ has all the required properties. By definition, A “ A0 Ď A˚ Ď B. Next take any
g P F1

A˚ such that B |ù 9Dx gpxq. Since g uses only finitely many parameters from A˚, there is some
n P ω such that all the parameters in g come from An, i.e., g P F0

An
. But then W pgq P An`1 Ď A˚,

and, by definition, B |ù gpW paqq. Thus, A˚ passes the Tarski–Vaught test, and we conclude that
for all f P F0

A˚ , we have A˚ |ù f ðñ B |ù f , as desired.
It remains to bound |A˚|. To that end, recall that for every set S, we have |FS | “ maxtℵ0, |S|u

(see Exercise 13.3). Hence, we can inductively show that for all n P ω,
|An`1| ď |F1

An | “ maxtℵ0, |An|u ď maxtℵ0, |A|u.

Thus, A˚ is a union of countably many sets, each of cardinality at most maxtℵ0, |A|u, and
|A˚| ď ℵ0 bmaxtℵ0, |A|u “ maxtℵ0, |A|u. �

Here’s an interesting application of the Löwenheim–Skolem theorem. Suppose that U |ù ZFC and
let κ be an inaccessible cardinal. By Theorem 12.6, we have Vκ |ù ZFC. Applying the Löwenheim–
Skolem theorem with A “ ∅ and B “ Vκ gives a countable set A˚ Ă Vκ such that for all f P F0

A˚ ,
we have A˚ |ù f ðñ Vκ |ù f . In particular,

A˚ |ù ZFC.
In other words, under the assumption that there is an inaccessible cardinal, we can find a countable
set that satisfies all the axioms of ZFC. This observation is known as Skolem’s paradox.xvi Skolem
himself found it so counter-intuitive that he believed it fully discredits the logical foundations of set
theory. For instance, the existence of an uncountable set is a theorem of ZFC, and thus

A˚ |ù “there is an uncountable set,”
even though A˚ itself is countable. However, we know that there is nothing paradoxical about this:
the statement “there is an uncountable set” really means that

DS Df pf is an injection S Ñ ωq,

so A˚ |ù “there is an uncountable set” simply means that there is some S P A˚ such that there is
no f in A˚ with A˚ |ù “f is an injection S Ñ ω,” which does not contradict the fact that such an
injection f exists in U.

Let’s investigate the structure of this set A˚ a bit more. Since A˚ |ù ZFC, we have
A˚ |ù DS pS “ ωq,

where “S “ ω” is a shorthand for a formula without parameters that identifies ω. Let S P A˚ be
the set such that A˚ |ù S “ ω. The statement “S “ ω” can be expressed by a U-formula using S as

xviNamed after the Norwegian mathematician Thoralf Skolem.
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a parameter, and thus we must have Vκ |ù S “ ω. But this means that S actually is ω; in other
words, ω P A˚. Similarly, A˚ satisfies the Powerset Axiom, and hence

A˚ |ù DP pP “ Ppωqq.

Again, letting P P A˚ be the set such that A˚ |ù P “ Ppωq, we conclude that Vκ |ù P “ Ppωq,
which implies that P is the powerset of ω (exercise!). But this means that Ppωq P A˚. So, even
though A˚ itself is a countable set, it contains as an element the uncountable set Ppωq. Continuing
in like manner, we see that the following sets are elements of A˚:

Vω, Vω`1, Vω`ω, Vωω , Vℵ1 , Vℵℵℵ1
, etc.

One consequence of the above discussion is that A˚ is definitely not a transitive set, as it has
lots of uncountable elements. Nevertheless, it turns out that we can replace A˚ by an isomorphic
transitive set using a trick known as the Mostowski collapse, which is the second tool we need to
establish the Magic Lemma:

Theorem/Definition 16.9 (Mostowski collapse). Let C be a class such that C |ù Ext. Then there
is a unique class function j : CÑ U such that:
(M1) j is injective,
(M2) ranpjq is a transitive class, and
(M3) for all x, y P C, we have y P x ðñ jpyq P jpxq.

The class function j : CÑ ranpjq is called the Mostowski collapse of C.

Proof. By recursion on the rank of x P C, define

jpxq :“ tjpyq : y P xX Cu. (16.1)

The fact that C |ù Ext guarantees that j is injective. The details are left as an exercise. �

Example 16.10. To see why it’s necessary to assume in Theorem 16.9 that C |ù Ext, consider
the set A :“ t∅, t∅u, t∅, tt∅uuuu from Example 12.1. Recall that Ext fails in A, because the sets
t∅u and t∅, tt∅uuu have the same (unique) element in A, namely ∅. Thus, if we were to define a
function j : AÑ U using (16.1), it wouldn’t be injective:

jp∅q “ ∅, jpt∅uq “ jpt∅, tt∅uuuq “ t∅u.

Example 16.11. Consider the set E :“ tn P ω : n is evenu. Then E |ù Ext (exercise!). We claim
that the Mostowski collapse of E is the function j : E Ñ ω : n ÞÑ n{2. Indeed, j is certainly injective
and its range, ω, is a transitive set. Furthermore, if n, m P E, then

n P m ðñ n ă m ðñ n{2 ă m{2 ðñ n{2 P m{2.

On the other hand, we could obtain the same result by induction using formula (16.1):

jp0q “ jp∅q “ ∅ “ 0,
jp2q “ jpt0, 1uq “ tjp0qu “ t0u “ 1,
jp4q “ jpt0, 1, 2, 3uq “ tjp0q, jp2qu “ t0, 1u “ 2,
jp6q “ jpt0, 1, 2, 3, 4, 5uq “ tjp0q, jp2q, jp4qu “ t0, 1, 2u “ 3, etc.

Exercise 16.4. Let C Ď Ord be a proper class. Show that the unique order-isomorphism CÑ Ord
coincides with the Mostowski collapse of C.

Exercise 16.5. Let C be a transitive class. Show that the Mostowski collapse of C is the identity
class function idC : CÑ C. More generally, let C be a class such that C |ù Ext and let A Ď C be a
transitive subclass. Let j be the Mostowski collapse of C. Show that jæA “ idA.
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Let C be a class such that C |ù Ext and let j : C Ñ C1 be the Mostowski collapse of C, where
ranpjq “ C1. By definition, j is an isomorphism between the structures

pC, Pq and pC1, Pq.

It follows that any statement that holds in C must also hold in C1 and vice versa. More precisely, let
ϕpa1, . . . , akq be a formula without free variables and with parameters a1, . . . , ak P C. Then

C |ù ϕpa1, . . . , akq ðñ C1 |ù ϕpjpa1q, . . . , jpakqq,

where jpa1q, . . . , jpakq are treated as parameters from C1. Similarly, if A is a set such that A |ù Ext
and j : AÑ A1 is the Mostowski collapse of A with ranpjq “ A1 (which is also a set by Replacement),
then the above observation extends to U-formulas; that is, for every U-formula fpa1, . . . , akq P F

0
A

with parameters a1, . . . , ak P A,
A |ù fpa1, . . . , akq ðñ A1 |ù fpjpa1q, . . . , jpakqq,

where jpa1q, . . . , jpakq are treated as parameters from A1 (and so fpjpa1q, . . . , jpakqq P FA1).

Corollary 16.12 (Löwenheim and Skolem meet Mostowski). Assume that U |ù ZFC. Let A Ď B
be sets. Suppose that A is transitive and B |ù Ext. Then there exists a transitive set A1 Ě A such
that |A1| ď maxtℵ0, |A|u and for all f P F0

A, we have
A1 |ù f ðñ B |ù f.

Note that Corollary 16.12 does not claim that A1 Ď B.

Proof. First we apply the Löwenheim–Skolem theorem to obtain a set A˚ such that A Ď A˚ Ď B,
|A˚| ď maxtℵ0, |A|u, and for all f P F0

A˚ , A˚ |ù f ðñ B |ù f . Since B |ù Ext, we conclude that
A˚ |ù Ext as well, and thus we can consider the Mostowski collapse j : A˚ Ñ A1, where A1 :“ ranpjq.
By construction, A1 is a transitive set with |A1| “ |A˚| ď maxtℵ0, |A|u. By Exercise 16.5, since A is
a transitive subset of A˚, we have jæA “ idA and hence A “ jrAs Ď A1. Finally, if f P F0

A, then
A1 |ù f ðñ A˚ |ù f ðñ B |ù f , as desired. (Here we are using again that j acts as the identity
function on the elements of A.) �

Example 16.13. It follows that if U |ù ZFC and there is an inaccessible cardinal κ, then there
exists a transitive countable set that satisfies ZFC: simply apply Corollary 16.12 with A “ ∅ and
B “ Vκ. This is a nice example of a combinatorial statement about the existence of a countable
structure with certain properties that relies on the existence of a large uncountable cardinal κ. (Also,
see Exercise 16.7.)

Exercise 16.6. Suppose that U |ù ZFC and let ϕ1, . . . , ϕn be a finite list of axioms of ZFC. Show
that there is a transitive countable set S such that S |ù ϕ1 ^ . . .^ ϕn.

We are now ready to prove Lemma 16.5:

Proof of Gödel’s Magic Lemma. Recall the set-up: we are assuming that U |ù ZFC, a and b are
sets, and b is Σ1-identifiable over a. Fix a Σ1-formula ϕpx, yq such that

y “ b ðñ ϕpa, yq. (16.2)
Consider the formula ψpxq :“ Dy ϕpx, yq with one free variable x. By the Reflection Principle, there
is an ordinal β such that a P Vβ and ψ is absolute between Vβ and V “ U. In particular, since
U |ù ψpaq (as witnessed by b), we also have Vβ |ù ψpaq. Let A :“ clptauq “ clpaq Y tau (i.e., A is
the smallest transitive set that has a as an element). Since Vβ is transitive, we have A Ď Vβ and
Vβ |ù Ext, so we may apply Corollary 16.12 to A and Vβ, obtaining a transitive set A1 such that:

‚ A Ď A1,
‚ |A1| ď maxtℵ0, |A|u “ maxtℵ0, |clpaq|u, and
‚ for all f P F0

A, A1 |ù f ðñ Vβ |ù f .
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In particular, since a P A and Vβ |ù ψpaq, we also have A1 |ù ψpaq, i.e.,
A1 |ù Dy ϕpa, yq.

Let b1 P A1 be a set such that A1 |ù ϕpa, b1q. Since A1 is transitive and ϕ is a Σ1-formula, the truth
of ϕpa, b1q “lifts” from A1 to U (see Exercise 14.11), and hence U |ù ϕpa, b1q. But, by (16.2), this
means that b1 “ b. It remains to notice that, by the transitivity of A1, b “ b1 Ď A1, and hence

|b| ď |A1| ď maxtℵ0, |A|u. �

Exercise 16.7. Suppose that there is a transitive set S such that S |ù ZF. (This happens, e.g., if
there exists an inaccessible cardinal.) Show that there is a countable ordinal α such that Lα |ù ZFC.
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17. The Perfect Set Property for subsets of Rn

17.1. Topology on Rn

Throughout this section, unless explicitly indicated otherwise, we shall work in ZFC. Recall that
the Continuum Hypothesis (CH) is the statement that every subset A Ď R is either countable or of
cardinality 2ℵ0 . While in its full generality CH can neither be proved nor disproved in ZFC, it is
reasonable to try to establish CH for sets A satisfying some extra assumptions. This line of inquiry
was initiated by Cantor himself, who proved the following:

Theorem 17.1 (Cantor). If C Ď Rn is closed, then either |C| ď ℵ0, or else, |C| “ 2ℵ0 .

(Here and in what follows, n denotes a positive natural number.)
To understand Theorem 17.1, we have to briefly review the fundamentals of topology on Rn.

(This material is extremely standard and we only include it here for completeness.) Given points x,
y P Rn, we write distpx, yq for the usual (Euclidean) distance between x and y, i.e.,

distppx1, . . . , xnq, py1, . . . , ynqq “
a

px1 ´ y1q2 ` ¨ ¨ ¨ ` pxn ´ ynq2.

For x P Rn and r P R` :“ p0,`8q, let
Bpx, rq :“ ty P Rn : distpx, yq ă ru and Bpx, rq :“ ty P Rn : distpx, yq ď ru

denote the open and closed balls around x or radius r, respectively. In general, given an open ball
B, we write B for the corresponding closed ball. A subset U Ď Rn is open if for every x P U , there
is r P R` such that Bpx, rq Ď U . A set C Ď Rn is closed is its complement RnzC is open.

Exercise 17.1. Let x P Rn and r P R`. Show that Bpx, rq is open and Bpx, rq is closed. In other
words, open balls are open sets, while closed balls are closed sets.

Note that there are lots of sets that are neither open nor closed (say, the half-open interval
r0, 1q Ă R is neither open nor closed in R). Furthermore, there are sets that are both open and closed.
Specifically, viewed as subsets of Rn, ∅ and Rn are open and closed. Sets that are simultaneously
open and closed are sometimes called clopen (although some people still consider it a colloquialism).

Exercise 17.2 (trickier than it looks). Show that the only clopen subsets of Rn are ∅ and Rn.xvii

Lemma 17.2. Let F be a set of open subsets of Rn. Then
Ť

F is also open.

Proof. Take any x P
Ť

F . By definition, there is U P F such that x P U . But U is open, so there
is some r P R` with Bpx, rq Ď U Ď

Ť

F , as desired. �

Lemma 17.3. If U1, U2 Ď Rn are open, then so is U X V .

Proof. Take any x P U1XU2. Then there exist r1, r2 P R` with Bpx, r1q Ď U1 and Bpx, r2q Ď U2.
Without loss of generality, assume that r1 ď r2. Then Bpx, r1q Ď U1 X U2, as desired. �

Exercise 17.3. Generalize Lemma 17.3 as follows: For any finite collection U1, . . . , Uk Ď Rn of
open subsets of Rn, the set U1 X . . .X Uk is also open.

Lemmas 17.2 and 17.3 can be naturally restated in terms of closed sets:

Exercise 17.4.
(a) Let F be a nonempty set of closed subsets of Rn. Show that

Ş

F is also closed.
(b) Show that for any finite family C1, . . . , Ck Ď Rn of closed sets, C1 Y . . .Y Ck is also closed.

xviiThe notions of open and closed sets can be extended beyond just subsets of Rn to a very general framework of
topological spaces. In contrast to Rn, some topological spaces have lots of clopen subsets; in fact, from the point of
view of a set theorist, such spaces (called 0-dimensional spaces) are much nicer to work with than Rn.
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The result of Exercise 17.3 does not extend to infinite intersections. For instance, the set t0u can
be expressed as the intersection of a countable collection of open subsets of R:

t0u “
č

kPω

p´2´k, 2´kq.

Some intersections of countable families of open sets are neither open nor closed; for instance,

r0, 1q “
č

kPω

p´2´k, 1q.

If a set A Ď Rn can be expressed as A “
Ş

tUk : k P ωu, where each Uk Ď Rn is open, then A is
called a Gδ-subset of Rn. Similarly, if A Ď Rn can be expressed as A “

Ť

tCk : k P ωu where each
Ck Ď Rn is closed, then A is an Fσ-subset of Rn.xviii Obviously, open sets are Gδ and closed sets
are Fσ. Somewhat less obviously, we have the following:

Exercise 17.5. Show that every closed set C Ď Rn is Gδ and every open set U Ď Rn is Fσ.

It is clear that every nonempty open subset of Rn has cardinality 2ℵ0 , since it must contain an
open ball. On the other hand, closed sets can have a much more intricate structure. A good example
of a somewhat “complicated” closed set is the middle thirds Cantor set.

Example 17.4 (Middle thirds Cantor set). The middle thirds Cantor set is the subset of R
obtained as follows. Start with the closed unit interval r0, 1s. Next, remove the open interval
p1{3, 2{3q (the eponymous “middle third”), leaving a pair of closed intervals r0, 1{3s Y r2{3, 1s. On
the next stage, remove the “middle thirds” of these two intervals, obtaining four closed intervals,
each of length 1{9: r0, 1{9s Y r2{9, 1{3s Y r2{3, 7{9s Y r8{9, 1s. Then remove the “middle thirds” of
these four intervals, then the “middle thirds” of the remaining eight intervals, and so on, for ω-many
steps. The middle thirds Cantor set is the set of all points that never get removed during this
process (see Fig. 1). We denote the middle thirds Cantor set by C1{3.

...
...

...
...

0 1

C1{3

x
0110

...

x
1011

...

Figure 1. The construction of the middle thirds Cantor set.

Clearly, C1{3 is a closed subset of R, since it is obtained by removing open sets (so RzC1{3 a union
of open sets—and hence it is itself open by Lemma 17.2). It is also easy to see that C1{3 does not

xviiiThe term Gδ comes from the German Gebiet ‘neighborhood’ + Durchschnitt ‘intersection’. By contrast, Fσ is
derived from the French fermé ‘closed’ + somme ‘union’.
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contain any interval as a subset. One could say that C1{3 looks just like “dust” or the result of using
the “spray paint tool.” Nevertheless, we claim that

|C1{3| “ 2ℵ0 .

Indeed, for each f P ω2, we can obtain a corresponding point xf P C1{3 as follows. Define a sequence
of closed intervals I0, I1, I2, . . . by setting

I0 :“
#

r0, 1{3s if fp0q “ 0,
r2{3, 1s if fp0q “ 1,

and then making In`1 be the left third of In if fpn` 1q “ 0 and the right third of In if fpn` 1q “ 1.
The resulting sequence of intervals is, by construction, decreasing:

I0 Ě I1 Ě I2 Ě ¨ ¨ ¨ ,

and the intersection I0 X I1 X I2 X . . . contains precisely one point, which we denote xf (see Fig. 1).
This construction gives an injective (in fact, bijective) function ω2 Ñ C1{3, proving that |C| ě 2ℵ0 .

The argument in Example 17.4 relied on the following exceptionally useful property of Rn:

Fact 17.5. If B1 Ě B2 Ě ¨ ¨ ¨ is a decreasing sequence of closed balls in Rn such that

lim
kÑ8

radiuspBkq “ 0,

then
Ş

kPω Bk ‰ ∅; in fact, the intersection
Ş

kPω Bk contains precisely one point.xix

We will not prove Fact 17.5 here (as it is proved in every introductory real analysis course). Note
that we haven’t formally defined the real numbers in these notes. There exist several (equivalent)
ways of defining R, some of which incorporate Fact 17.5 into the definition.

Fact 17.5 can be strengthened by replacing closed balls by arbitrary closed sets. Define the
diameter of a set A Ď Rn by

diampAq :“ suptdistpx, yq : x, y P Au.

Thus, diampAq is either a nonnegative real number or 8.

Exercise 17.6. Show that if A Ď Rn has finite diameter, then there is a closed ball B of radius at
most diampAq such that A Ď B.

Corollary 17.6. If C1 Ě C2 Ě ¨ ¨ ¨ is a decreasing sequence of nonempty closed subsets of Rn with

lim
kÑ8

diampCkq “ 0,

then
Ş

kPω Ck ‰ ∅; in fact, the intersection
Ş

kPω Ck contains precisely one point.

Proof. Clearly |
Ş

kPω Ck| ď 1 (why?), so we only need to show
Ş

kPω Ck ‰ ∅. Without loss of
generality, assume that diampCkq ă 8 for all k P ω. Since diampCkq Ñ 0, we can use Exercise 17.6
to obtain (how?) a decreasing sequence

B1 Ě B2 Ě ¨ ¨ ¨

of closed balls whose radii converge to 0 such that Bk Ě Ck for all k P ω. By Fact 17.5, there is a
unique point x P

Ş

kPω Bk. We claim that x P
Ş

kPω Ck. Suppose not, i.e., there is some k P ω with
x R Ck. Since Ck is closed, there is r P R` such that Bpx, rq X Ck “ ∅. Take ` P ω so large that
the radius of B` is less than r{2. Since x P B`, we have C` Ď B` Ď Bpx, rq. But this means that
C` X Ck “ ∅, contradicting the fact that ∅ ‰ C` Ď Ck. �

xixThis statement can be summarized as: Rn is a complete metric space.
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17.2. Perfect sets
Let P Ď Rn. An isolated point of P is a point x P P such that there is r P R` with Bpx, rqXP “ txu.
A subset P Ď Rn is perfect if it is closed and has no isolated points. Examples of perfect sets are
closed balls and the middle thirds Cantor set (see Example 17.4).

Exercise 17.7. Give an example of a set without isolated points that is not perfect.

Theorem 17.1 is a consequence of the following two facts:

Theorem 17.7 (Cantor). If P Ď Rn is nonempty and perfect, then |P | “ 2ℵ0 .

Theorem 17.8 (Cantor–Bendixson). Let C Ď Rn be a closed set. Then C can be decomposed as
C “ P Y U , where P X U “ ∅, U is countable, and P is perfect.

Proof of Theorem 17.1. Let C Ď Rn be closed. Write C “ P Y U , where U is countable and P
is perfect. If P “ ∅, then C “ U is countable; otherwise, |C| “ |P | “ 2ℵ0 . �

In this subsection we prove Theorem 17.7 by a modification of the argument from Example 17.4.
First, we need a lemma:

Lemma 17.9. Let P Ď Rn be a perfect set and suppose that U Ď Rn is an open set such that
U X P ‰ ∅. Then, for any ε P R`, there exist open balls B0 and B1 such that:

‚ the sets B0 X P and B1 X P are nonempty,
‚ the radii of B0 and B1 are at most ε, and
‚ B0 XB1 “ ∅ and B0 YB1 Ď U .

Proof. Since U X P ‰ ∅, we can take a point x P U X P . Since P is perfect, x is not isolated in
P , and hence there is another point y P U X P (we are using here that U is open). Let r1, r2 P R`
be such that Bpx, r1q, Bpy, r2q Ď U , and set

r :“ min
"

ε,
distpx, yq

3 ,
r1
2 ,

r2
2

*

.

Then we can take B0 :“ Bpx, rq and B1 :“ Bpy, rq. �

Proof of Theorem 17.7. Recall that ăω2 is the set of all finite sequences of 0s and 1s. We use a
to indicate concatenation of finite sequences; in particular, for s P k2 and i P t0, 1u, we write sai to
denote the sequence of length pk ` 1q such that psaiqæk “ s and psaiqpkq “ i.

To each s P ăω2, we shall associate an open ball Bs in Rn so that, for all s P k2:
‚ Bs X P ‰ ∅,
‚ the radius of Bs is at most 2´k,
‚ Bsa0 XBsa1 “ ∅ and Bsa0 YBsa1 Ď Bs.

The construction of the balls Bs is recursive, based on the length of s. Since P ‰ ∅, we can take
any point x P P and set B∅ :“ Bpx, 1q. When Bs is determined for some s P ăω2, we can find
suitable Bsa0 and Bsa1 by applying Lemma 17.9 with U “ Bs (the details are left as an exercise).

Once the balls Bs for all s P ăω2 are chosen, we can define an injection ω2 Ñ P as follows. Take
any f P ω2. Consider the finite sequences

fæ0, fæ1, fæ2, fæ3, . . . .

For instance, if f “ p010 . . .q, then we look at the finite sequences
∅, 0, 01, 010, . . . .

The corresponding balls form a decreasing sequence
Bfæ0 Ě Bfæ1 Ě Bfæ2,Ě Bfæ3 Ě ¨ ¨ ¨ ,
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so, by Corollary 17.6, the intersection
Ş

kPωpBfæk XP q contains precisely one point xf . By construc-
tion, xf P P , so it remains to show that the mapping ω2 Ñ P : f ÞÑ xf is injective. To that end, let
f , g P ω2 be distinct and let k be the least index such that fpkq ‰ gpkq. Set s :“ fæk “ gæk and
suppose, for concreteness, that fpkq “ 0 while gpkq “ 1. Then

xf P Bsa0, while xg P Bsa1,

and the sets Bsa0 and Bsa1 are disjoint, which implies that xf ‰ xg, as desired. �

17.3. The Cantor–Bendixson theorem
For a closed set C Ď Rn, let IpCq :“ tx P C : x is isolated in Cu and let C 1 :“ CzIpCq. The set C 1
is called the Cantor–Bendixson derivativexx of C.
Lemma 17.10. Let C Ď Rn be a closed set. Then IpCq is countable.
Proof. For each x P IpCq, pick rx P R` so that Bpx, rxqXC “ txu. Then for distinct x, y P IpCq,

Bpx, rx{3q X Bpy, ry{3q “ ∅. (17.1)
Every ball (of positive radius) contains a point with rational coordinates, so let qx be an arbitrary
element of Qn XBpx, rx{3q. Due to (17.1), the function IpCq Ñ Qn : x ÞÑ qx is injective. But the
set Qn is countable; hence, IpCq is countable as well. �

Exercise 17.8. Let C Ď Rn be a closed set. Show that C 1 is also closed.
By definition, a closed set C is perfect is and only if C “ C 1. Since C “ C 1 Y IpCq and IpCq is

countable, one might hope that C 1 is perfect, i.e., removing all isolated points from C leaves a set
without isolated points. Unfortunately, this may not be the case; for example,

´

t0u Y t2´k : k P ωu
¯1

“ t0u,

and the set t0u has 0 as an isolated point (see Fig. 2).

ù

Figure 2. The Cantor–Bendixson derivative may create new isolated points.

The next idea is to apply the Cantor–Bendixson derivative again and remove all isolated points
from C 1; but the resulting set C2 may also be not perfect—see Fig. 3.

ù
ù

Figure 3. Applying the Cantor–Bendixson derivative twice.

Cantor’s insight was that the derivative operation can be iterated transfinitely; as a matter of fact,
this was the very first application of ordinals! Given a closed set C Ď Rn, for each α P Ord, we
recursively define sets Cpαq as follows:

Cpαq :“

$

’

&

’

%

C if α “ 0,
pCpβqq1 if α “ β ` 1,
Ş

γăαC
pγq if α is a limit.

xxNo relation to derivatives from calculus.
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The sets Cpαq are closed (why?), and we have Cpβq Ě Cpαq whenever β ď α.

Theorem 17.11 (Cantor–Bendixson). Let C Ď Rn be a closed set. Then there is a countable
ordinal α such that Cpα`1q “ Cpαq (i.e., the set Cpαq is perfect).

From Theorem 17.11, Theorem 17.8 follows immediately:

Proof of Theorem 17.8. Let C Ď Rn be a closed set. By Theorem 17.11, there is α ă ℵ1 such
that Cpα`1q “ Cpαq. Then we can write C “ P Y U with P :“ Cpαq and

U :“ CzCpαq “
ď

tCpγqzCpγ`1q : γ ă αu “
ď

tIpCγq : γ ă αu.

Since U is a union of countably many countable sets, it is itself countable, and hence we are done. �

For a closed set C Ď Rn, the least ordinal α such that Cpα`1q “ Cpαq is called the Cantor–
Bendixson rankxxi of C and is denoted by rankCBpCq. By Theorem 17.11, rankCBpCq ă ℵ1.

Exercise 17.9. Show that for every countable ordinal α, there is a countable closed set C Ď R such
that rankCBpCq “ α.

To prove Theorem 17.11, we need a way to control open subsets of Rn. A set B of open subsets
of Rn is called an open base for Rn if for every open set U Ď Rn, we have

U “
ď

tB P B : B Ď Uu;
in other words, B is an open base if open subsets of Rn are precisely the unions of sets in B.

Lemma 17.12. There is a countable open base B for Rn consisting of open balls.

Proof. For example, we can take
B :“ tBpx, rq : x P Qn, r P Q`u.

The details are left as an exercise. �

Corollary 17.13. The cardinality of the set of all open subsets of Rn is 2ℵ0 .

Proof. Let B be a countable open base for Rn. Then the function
tU Ď Rn : U is openu Ñ PpBq : U ÞÑ tB P B : B Ď Uu

is injective, which implies that the cardinality of the set of all open subsets of Rn is at most
|PpBq| “ 2ℵ0 . On the other hand, it is easy to exhibit 2ℵ0 distinct open subsets of Rn. �

Exercise 17.10. What is the cardinality of the set of all close subsets of Rn? All Gδ subsets of Rn?

Proof of Theorem 17.11. Let C Ď Rn be a closed set and suppose, toward a contradiction, that
for all α ă ℵ1, Cpα`1q Ă Cpαq. Fix a countable open base B for Rn. For each α ă ℵ1, let

Bα :“ tB P B : B Ď RnzCpαqu.
Since Cpα`1q Ă Cpαq, we have Bα`1 Ą Bα, i.e, Bα`1zBα ‰ ∅. Pick any Bα P Bα`1zBα. Then the
function ℵ1 Ñ B : α ÞÑ Bα is injective, which is impossible as B is countable. �

Exercise 17.11. It is possible to prove Theorem 17.8 “in one step,” i.e., without transfinite recursion
(although this approach gives less information about the structure of closed sets). Fix a closed set
C Ď Rn. Say that an open set U Ď Rn is C-small if U XC is countable. Let W denote the union of
all C-small open sets. Note that W is itself open.

(a) Show that W is C-small (i.e., W X C is countable).
(b) Show that CzW is perfect.
(c) Conclude that C “ P Y U where P X U “ ∅, P is prefect, and U is countable.

xxiNo relation to von Neumann rank.
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Exercise 17.12. Show that for every closed C Ď Rn, the partition C “ P Y U as in Theorem 17.8
is unique.

Exercise 17.13 (important!). Let A Ď Rn and suppose that U Ď Rn is an open set such that U XA
is uncountable. Then, for any ε P R`, there exist open balls B0 and B1 such that:

‚ the sets B0 XA and B1 XA are uncountable,
‚ the radii of B0 and B1 are at most ε, and
‚ B0 XB1 “ ∅ and B0 YB1 Ď U .

Moreover, if B is a countable open base for Rn consisting of open balls, then we may additionally
arrange that B0, B1 P B. (Cf. Lemma 17.9.)

17.4. The Perfect Set Property
Theorem 17.8 shows that closed subsets of Rn satisfy CH “for a good reason”: every uncountable
closed set C Ď Rn must have a nonempty perfect subset, and all nonempty perfect sets have
cardinality 2ℵ0 by Theorem 17.7. In general, a set A Ď Rn has the Perfect Set Property (or the
PSP, for short) if either A is countable, or else, A has a nonempty perfect subset. Thus, we have
shown that every closed set has the PSP.

Exercise 17.14. Show that if A Ă Rn is countable, then RnzA has the PSP.

Exercise 17.15. Show that every Gδ subset A Ď Rn has the PSP.

The PSP provides a nice refinement of CH. While the existence of subsets of Rn whose cardinality
is strictly between ℵ0 and 2ℵ0 is a matter that cannot be settled within ZFC, there do exist sets
without the PSP (and their construction crucially relies on AC):

Theorem 17.14. There exists a set A Ď R without the PSP. In fact, there is a set A Ď R such that
|A| “ |RzA| “ 2ℵ0 and for every nonempty perfect set P Ď R, we have AX P ‰ ∅ and P zA ‰ ∅.

Proof. The set of all nonempty perfect subsets P Ď R has cardinality 2ℵ0 (see Exercise 17.10),
so we can fix a bijection

2ℵ0 Ñ tP Ď R : P is nonempty and perfectu : α ÞÑ Pα.

(This requires AC.) We shall recursively define a pair of injections

2ℵ0 Ñ R : x ÞÑ xα, 2ℵ0 Ñ R : y ÞÑ yα,

so that txα : α ă 2ℵ0u X tyα : α ă 2ℵ0u “ ∅ and xα, yα P Pα for all α ă 2ℵ0 . Once this is done,
setting A :“ txα : α ă 2ℵ0u completes the proof (why?).

Let α ă 2ℵ0 and assume that xβ and yβ for all β ă α are already determined. Let

Xα :“ txβ : β ă αu and Yα :“ tyβ : β ă αu.

Then |Xα| “ |Yα| “ |α| ă 2ℵ0 , while |Pα| “ 2ℵ0 by Theorem 17.7, so we can use AC and make xα
and yα be arbitrary distinct elements of PαzpXα Y Yαq. �

So, on the one hand, some sets fail to have the PSP, while, on the other hand, closed or even Gδ
sets have the PSP (see Exercise 17.15). In the next few subsections, we will prove a far-reaching
generalization of Cantor’s Theorem 17.1 and see that a class of sets with the PSP is quite wide, so
any counterexample to CH, if one exists, must be quite complicated. The key tool that we will use
to achieve this is the concept of infinite games.

96



17.5. Infinite games and the PSP
A useful perspective on the PSP and similar regularity properties of subsets of Rn is provided by
considering infinite games. To each subset A Ď ωω, we associate a two-player game GpAq that is
played as follows: Players I and II alternately pick natural numbers:

Player I a0 a2 . . . a2k . . .
Player II a1 a3 . . . a2k`1 . . .

This generates an infinite sequence of natural numbers
a :“ pa0, a1, a2, . . .q P

ωω.

The sequence a is referred to as the run of the game. The set A is used to determine which player is
the winner. Namely, Player I wins if a P A; otherwise, Player II wins.

Example 17.15. Let A :“ ta P ωω : ak “ 0 for infintiely many k P ωu. Player I can easily win the
game GpAq, regardless of what Player II does, simply by always playing 0.

Of course, there is no reason to restrict the possible moves of the players to be natural numbers;
any countable set can be used instead. Furthermore, it is possible to add rules to the game, i.e.,
to restrict the allowed moves of each player based on the current position in the game. This is
formalized by modifying the set A to stipulate that the first player who breaks the rules loses.

Example 17.16 (Conway’s Angel and Devil Game). This is an example of an interesting infinite
game introduced by John Horton Conway. Fix a natural number p. The Angel and Devil Game
ADppq is played between two players: the Angel (A) and the Devil (D). The game is played on an
infinite Go boardxxii, which we can think of as the set Zˆ Z. At the start of the game, the Angel
is located at the origin p0, 0q, while the rest of the board is empty. On each turn, the Angel must
jump from its current location px, yq to any different empty location px1, y1q, with the restriction
that maxt|x´x1|, |y´ y1|u ď p (in other words, the new location can be reached from the old one by
a sequence of at most p moves of the chess king). The Devil then “blocks” any single location not
currently occupied by the Angel (the Angel may leap over “blocked” locations but cannot land on
them). The Devil wins if the Angel is unable to move, while the Angel wins if the game continues
indefinitely. For example, the first few moves in ADp1q may look like this:

A A A A

A A
A A

The question of which player has the winning strategy in the game ADppq, depending on p, is
surprisingly subtle. Already back in 1982, Elwyn Berlekamp showed that the Devil has a winning
strategy in ADp1q. Whether there is any p such that the Angel has a winning strategy in ADppq
remained an open problem. Finally, after more than two decades of slow progress, in 2006 four (!)

xxiiOr an infinite chessboard, if one is more readily available.
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independent solutions emerged, due to Brian Bowditch, Peter Gács, Oddvar Kloster, and András
Máthé. The proofs by Kloster and Máthé actually show that the Angel has a winning strategy
already in ADp2q.

The above description of the Angel and Devil Game is not exactly following the general set-up
discussed earlier: instead of simply naming arbitrary natural numbers, the players make certain
moves on an infinite board. However, as mentioned previously, one can encode this game as a game
of the form GpAq for a suitable set A Ď ωω. For the sake of illustration, we sketch the (somewhat
technical but straightforward) encoding below.

Let us agree that the Angel moves first by landing on p0, 0q. Every move of the Angel involves
naming a pair px, yq P Zˆ Z indicating the location on which the Angel should land, while every
move of the Devil involves naming a pair px, yq P Z ˆ Z indicating the position the Devil wishes
to “block.” Since the set Z ˆ Z is countable, we can fix a bijection f : ω Ñ Z ˆ Z and have the
players name elements of ω instead of Zˆ Z. Of course, not every move is allowed: the Angel’s new
location must be close enough to the old one but different from it, and the Devil cannot “block” the
Angel’s current location. All of this information can be encoded in the set A. Given a sequence
a “ pa0, a1, . . .q P

ωω, we say that n P ω is a legal move in a if:
‚ either n “ 0 and fpa0q “ p0, 0q;
‚ or n ě 2 is even and:

– fpanq R tfpakq : k ă n is oddu, and
– fpanq ‰ fpan´2q, and
– fpanq can be reached from fpan´2q by at most p moves of the chess king;

‚ or n is odd and fpanq ‰ fpan´1q.
Say that a sequence a “ pa0, a1, . . .q P

ωω is legal if all n P ω are legal moves in a; otherwise, say
that a is illegal. In other words, a is legal if it represents a sequence of allowed moves in the game
ADppq. If a is illegal, then let !paq be the least n P ω that is not a legal move in a. Now set

A :“ ta P ωω : a is legal or !paq is oddu.
Player I (i.e., the Angel) wins in GpAq if and only if either the game continues indefinitely with both
players making allowed moves, or Player II (the Devil) breaks the rules first. Thus, the game GpAq
is “equivalent” to ADppq.

In what follows, we will refer to games with rules, like the Angel and Devil Game, without
bothering to write out the corresponding set A explicitly, as it is usually just as straightforward
(and just as technical) as in the above example.

We are interested in winning strategies for infinite games. We write P :“ ăωω and refer to the
elements p P P as game positions. Let

PI :“ tp P P : lengthppq is evenu and PII :“ tp P P : lengthppq is oddu.
Thus, PI (resp. PII) is the set of all game positions where it’s Player I’s (resp. Player II’s) time to
make a move. A strategy for Player I (resp. II) is then a function σ : PI Ñ ω (resp. σ : PII Ñ ω).
In other words, a strategy is telling the player what move to make based on the current position. A
run a “ pa0, a1, . . .q P

ωω is compatible with a strategy σ for Player I (resp. II) if for all even (resp.
odd) n P ω, we have an “ σpaænq. Thus, if σ is a strategy for Player I, then a run compatible with
σ looks like this:

Player I a0 :“ σp∅q a2 :“ σpa0, a1q a4 :“ σpa0, a1, a2, a3q . . .
Player II a1 a3 . . .

On the other hand, if σ is a strategy for Player II, then a run compatible with σ would look like this:
Player I a0 a2 a4 . . .
Player II a1 :“ σpa0q a3 :“ σpa0, a1, a2q a5 :“ σpa0, a1, a2, a3, a4q . . .

98



A strategy σ for Player I (resp. II) is winning in the game GpAq with A Ď ωω if for every run a
compatible with σ, we have a P A (resp. a R A); in other words, the player following σ is guaranteed
to win, regardless of their opponent’s moves.

The above discussion goes to show that the intuitive notion of a winning strategy can be formalized
in the language of set theory: whether or not a player has a winning strategy in a game of the form
GpAq is really a question of whether or not there exists a function with certain properties.

Exercise 17.16. Let A Ď ωω. Show that at most one of the players has a winning strategy in GpAq.

In contrast to Exercise 17.16, the problem of whether at least one of the players has a winning
strategy is quite a bit more subtle. Say that a game GpAq is determined if one of the players has a
wining strategy. The following statement is known as the Axiom of Determinacy:

Determinacy (AD)

For every A Ď ωω, the game GpAq is determined.

The reason that we call AD an axiom and not a theorem is that it cannot be proved in ZFC; in
fact, assuming ZFC, AD is false! The reason is that AD is incompatible with AC.

Exercise 17.17. Show that the sets
SI :“ tσ : σ is a strategy for Player Iu and SII :“ tσ : σ is a strategy for Player IIu

have cardinality 2ℵ0 and fix bijections 2ℵ0 Ñ SI : α ÞÑ σI
α and 2ℵ0 Ñ SII : α ÞÑ σII

α . Using transfinite
recursion, build a set A Ď ωω such that for each α ă 2ℵ0 , neither σI

α nor σII
α is a winning strategy in

GpAq. Finally, conclude that the game GpAq is not determined and hence AD fails.

What does all of this have to do with the PSP? It turns out that the failure of AD is a consequence
of Theorem 17.14, i.e., the existence of sets without the PSP:

Theorem 17.17. Assuming ZF` AD, every subset A Ď Rn has the PSP.

The connection between AD and the PSP is established by means of a certain game, called the
PSP game. Let A Ď Rn. The PSP game associated to A, denoted PSPpAq, is played as follows.
Fix a countable open base B for Rn consisting of open balls (which exists by Lemma 17.12). A run
of the game PSPpAq looks like this:

Player I B0p0q, B0p1q B1p0q, B1p1q . . . Bkp0q, Bkp1q . . .
Player II B0 B1 . . . Bk . . .

Set B´1 :“ Rn. On step k, Player I plays a pair of sets Bkp0q, Bkp1q P B such that:
‚ the radii of Bkp0q and Bkp1q are at most 2´k,
‚ Bkp0q XBkp1q “ ∅ and Bkp0q YBkp1q Ď Bk´1.

In response, Player II chooses a set Bk P tBkp0q, Bkp1qu.xxiii The rules of the game, together with
Fact 17.5, guarantee that the intersection

Ş

kPω Bk contains precisely one point (check this!). Call
this point x. Player I wins if x P A; otherwise, Player II wins.

The following fact establishes a link between game theory and the Perfect Set Property:

Theorem 17.18. Let A Ď Rn. Then:
‚ Player I has a winning strategy in PSPpAq if and only if A has a nonempty perfect subset;
‚ Player II has a winning strategy in PSPpAq is and only if A is countable.

In particular, the game PSPpAq is determined if and only if A has the PSP.
xxiiiThis game is an infinite version of the “cut-and-choose” method for dividing a cake.
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Proof. There are four implications to prove.
If A has a nonempty perfect subset, then Player I has a winning strategy in PSPpAq. Let P Ď A be

nonempty and perfect. In order to win the game, Player I ensures that the set Bk X P is nonempty,
for all k P t´1u Y ω. This is vacuously true for k “ ´1. If Bk´1 X P ‰ ∅, then, by Lemma 17.9,
Player I can choose sets Bkp0q and Bkp1q that satisfy the requirements for being a valid move,
while also making the sets Bkp0q X P and Bkp1q X P nonempty. Then, no matter which one of the
sets Bkp0q, Bkp1q Player II chooses, it will hold that Bk X P ‰ ∅, as desired. By following this
strategy, Player I ensures that the unique point x P

Ş

kPω Bk “
Ş

kPωpBk X P q belongs to P (see
Corollary 17.6), and hence to A, guaranteeing Player I’s victory.

If Player I has a winning strategy in PSPpAq, then A has a nonempty perfect subset. Let σ be
a winning strategy for Player I. To each sequence f P ω2, we associate a point xf P A as follows:
Follow the run of the game PSPpAq in which Player I follows the strategy σ, while Player II always
sets Bk :“ Bkpfpkqq, and let xf be the resulting point in

Ş

kPω Bk. Since σ is a winning strategy
for Player I, we are guaranteed that xf P A. Furthermore, as Bkp0q X Bkp1q “ ∅ for all k P ω,
the mapping f ÞÑ xf is injective (check this!). This already shows that |A| “ 2ℵ0 . To see that A
actually contains a nonempty perfect subset, we have to verify that the set txf : f P ω2u is perfect.
This is left as an exercise.

If A is countable, then Player II has a winning strategy in PSPpAq. Let A “ tak : k P ωu. Here’s
a winning strategy for Player II: on step k, choose a set Bk P tBkp0q, Bkp1qu such that ak R Bk

(such a choice is possible as Bkp0q XBkp1q “ ∅). If Player II follows this strategy, it is guaranteed
that ai R

Ş

kPω Bk for every i P ω, and hence Player II wins.
If Player II has a winning strategy in PSPpAq, then A is countable. This is the subtlest and most

interesting part of the theorem. Let σ be a winning strategy for Player II. Let Pσ denote the set of
all game positions (i.e., finite sequences of moves) compatible with σ, i.e., such that can arise when
Player II follows the strategy σ. Also, let

PσI :“ tp P Pσ : lengthppq is evenu and PσII :“ tp P Pσ : lengthppq is oddu.
Note that the sets Pσ, PσI , and PσII are countable (why?). Let x P A and consider a position

p “ ppB0p0q, B0p1qq, B0, . . . , pBk´1p0q, Bk´1p1qq, Bk´1q P PσI .
We say that p is critical for x if x P Bk´1, but no matter what next move pBkp0q, Bkp1qq Player I
makes, the strategy σ instructs Player II to choose a set Bk P tBkp0q, Bkp1qu with x R Bk.

Claim 17.19. For every x P A, there is a position p P PσI that is critical for x.

Proof. Suppose, toward a contradiction, that no position p P PσI is critical for some x P A. Then
Player I can win the game while Player II follows the strategy σ, contradicting the assumption that
σ is winning; namely, Player I can always ensure that x P Bk. Trivially, this holds with k “ ´1.
Now, suppose that the game has continued for k ´ 1 moves and the current position is

p “ ppB0p0q, B0p1qq, B0, . . . , pBk´1p0q, Bk´1p1qq, Bk´1q P PσI ,
where x P Bk´1. Then, since p is not critical for x, there is a valid move pBkp0q, Bkp1qq for Player I
such that, following σ, Player II chooses a set Bk P tBkp0q, Bkp1qu with x P Bk, and we are done. b

Claim 17.20. If x, y P A and p P PσI is a position that is critical both for x and for y, then x “ y.

Proof. Write
p “: ppB0p0q, B0p1qq, B0, . . . , pBk´1p0q, Bk´1p1qq, Bk´1q.

As p is critical for x and y, we have x, y P Bk´1. Suppose, toward a contradiction, that x ‰ y.
Then Player I can play a pair of sets pBkp0q, Bkp1qq so that x P Bkp0q and y P Bkp1q. Following the
strategy σ, Player II chooses either Bkp0q or Bkp1q as Bk; for concreteness, assume that she picks
Bk “ Bkp0q. But then x P Bk, so p is not critical for x, a contradiction. b

100



Now it is easy to finish the argument. For each x P A, let px be any position that is critical for x
(we can choose one such position using AC, but actually the use of AC can be avoided as there is an
explicit well-ordering on Pσ—exercise!). By Claim 17.20, the mapping AÑ PσI : x ÞÑ px is injective.
Since the set PσI is countable, so is A, as desired. �

17.6. Borel sets, analytic sets, and the Perfect Set Property
Recall that a set is Fσ if it is the union of countably many closed sets, and Gδ if it is the intersection of
countably many open sets. We can then consider countable unions of Gδ-sets, countable intersections
of Fσ-sets, countable unions of countable intersections of Fσ-sets, countable intersections of countable
unions of Gδ-sets, etc. The sets that can be obtained by iterating countable unions and intersections
in this manner are called Borel. Formally, we define the class of all Borel sets recursively:

Definition 17.21 (Borel sets). Let CpRnq denote the set of all closed subsets of Rn. We recursively
define sets BαpRnq for α P Ord as follows:

BαpRnq :“

$

’

&

’

%

CpRnq if α “ 0,
 
Ť

F,
Ş

F : F Ď BβpRnq is countable
(

if α “ β ` 1,
Ť

γăαBγpRnq if α is a limit.

Let BpRnq :“ Bℵ1pRnq. The sets in the family BpRnq are called the Borel subsets of Rn.

Proposition 17.22. The family BpRnq is the smallest collection of subsets of Rn that includes
CpRnq and is closed under countable unions and countable intersections.

Proof. A simple induction on α shows that if CpRnq Ď F Ď PpRnq and F is closed under countable
unions and intersections, then BαpRnq Ď F for all α P Ord, and thus BpRnq Ď F. It remains to verify
that BpRnq itself is closed under countable unions and intersections (i.e., Bℵ1`1pRnq “ Bℵ1pRnq,
which is why we stop at ℵ1). Let F Ď BpRnq be countable. For each S P F , let αS ă ℵ1 be the least
ordinal such that F P BαS pRnq. Since cfpℵ1q “ ℵ1 ą |F |, the ordinal α :“ suptαS : S P F u is less
than ℵ1. But then both

Ť

F and
Ş

F belong to Bα`1pRnq Ď Bℵ1pRnq “ BpRnq, as desired. �

By definition, all closed sets are Borel (they belong to B0pRnq), and so are all open sets (they
belong to B1pRnq by Exercise 17.5). All Fσ-subsets of Rn belong to B1pRnq, while all Gδ-subsets
are in B2pRnq. In general, Borel sets can be much more complicated than that: for every countable
ordinal α ă ℵ1, there exists a Borel set S Ď Rn such that S P Bα`1pRnq but S R BαpRnq (we
won’t prove this here). Thus, in addition to Theorem 17.11, Definition 17.21 provides another “real
(mathematical) life” example where one must use recursion going beyond ω.

Exercise 17.18. Show that if B Ď Rn is a Borel set, then so is its complement RnzB; moreover,
BpRnq is the smallest collection of subsets of Rn that includes CpRnq and is closed under countable
unions and complements.

We now have the following generalization of Theorem 17.1:

Theorem 17.23. Every Borel set B Ď Rn has the PSP, and thus either |B| ď ℵ0 or |B| ě 2ℵ0 .

To prove Theorem 17.23, we introduce another, even larger class of subsets of Rn. We start with a
few definitions.xxiv Given a (simple undirected) graph G, we let MpGq be the family of all maximal
cliques in G, i.e., all subsets M Ď V pGq such that:

‚ every two distinct vertices in M are neighbors in G (i.e., M is a clique), and
‚ if v P V pGqzM , then there is a vertex w PM that is not adjacent to v.

xxivOur presentation is somewhat unorthodox but it will make our analysis particularly streamlined.
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The second condition means that if we add any vertex to M , it will stop being a clique—hence M
is indeed a maximal clique.

A CpRnq-labeled graph is a pair pG,λq, where G is a graph and λ : V pGq Ñ CpRnq. We say that
a CpRnq-labeled graph pG,λq is countable if G has countably many vertices. For S Ď V pGq, we let

λpSq :“
č

vPS

λpvq Ď Rn.

Note that λpSq is a closed set by Exercise 17.4. Given a CpRnq-labeled graph pG,λq, we define

ApG,λq :“
ď

MPMpGq

λpMq.

The operation A is called the Suslin operation.
Definition 17.24 (Analytic sets). A subset A Ď Rn is called analyticxxv if A “ ApG,λq for some
countable CpRnq-labeled graph pG,λq. The family of all analytic subsets of Rn is denoted by ApRnq.

The next few lemmas showcase the richness of ApRnq.
Lemma 17.25. Every closed subset of Rn is analytic.
Proof. If C Ď Rn is closed, then C “ ApG,λq, where G is a graph with a single vertex v and λ
sends v to C (note that the only maximal clique in G is tvu). �

Lemma 17.26. The family ApRnq of analytic subsets of Rn is closed under countable unions and
countable intersections.
Proof. Let tAk : k P ωu be a countable set of analytic subsets of Rn. Write Ak “ ApGk, λkq,
where pGk, λkq is a countable CpRnq-labeled graph. We may (and do) assume that the vertex sets of
the graphs Gk, k P ω, are disjoint. Define a new CpRnq-labeled graph pG,λq by

V pGq :“
ď

kPω

V pGkq, EpGq :“
ď

kPω

EpGkq, and λ :“
ď

kPω

λk.

In other words, pG,λq is the disjoint union of the graphs pGk, λkq. Notice that a set M of vertices is
a maximal clique in G if and only if M is a maximal clique in Gk for some k P ω (why?). Therefore,

ApG,λq “
ď

MPMpGq

λpMq “
ď

kPω

ď

MPMpGkq

λkpMkq “
ď

kPω

ApGk, λkq “
ď

kPω

Ak,

showing that the set
Ť

kPω Ak is analytic. Next we form a graph G1 by adding to G all edges between
the vertices in V pGiq and V pGjq for all i ‰ j. A set M of vertices is a maximal clique in G1 if and
only if M “

Ť

kPωMk, where each Mk is a maximal clique in Gk (why?). Thus, x P ApG1, λq if and
only if there exist Mk PMpGkq for all k P ω such that x P λp

Ť

kPωMkq “
Ş

kPω λkpMkq, which holds
precisely when x P ApGk, λkq for all k P ω. It follows that

ApG1, λq “
č

kPω

ApGk, λkq “
č

kPω

Ak,

so
Ş

kPω Ak is analytic. �

Theorem 17.27. All Borel subsets of Rn are analytic.
Proof. Follows from Lemmas 17.25 and 17.26 and Proposition 17.22. �

Suslin proved in 1917 that some analytic sets are not Borel; in fact, the class of analytic sets is
not closed under taking complements. (Indeed, an analytic set is Borel if and only if its complement
is also analytic.) Nevertheless, we can strengthen Theorem 17.23 as follows:
Theorem 17.28. Every analytic set A Ď Rn has the PSP.

xxvNo relation to analytic functions from complex analysis.
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To prove Theorem 17.28 (and hence also its corollary, Theorem 17.23), we let pG,λq be a countable
CpRnq-labeled graph and consider the following variation of the PSP game, denoted PSP˚pG,λq.
Since G is countable, we may write V pGq “ tvk : k P ωu. Fix a countable open base B for Rn
consisting of open balls (see Lemma 17.12). A run of the game PSP˚pG,λq looks like this:

Player I B0p0q, B0p1q, w0 B1p0q, B1p1q, w1 . . . Bkp0q, Bkp1q, wk . . .
Player II B0 B1 . . . Bk . . .

Set B´1 :“ Rn. On step k, Player I plays sets Bkp0q, Bkp1q P B and a vertex wk P V pGq so that:
(R1) the radii of Bkp0q and Bkp1q are at most 2´k,
(R2) Bkp0q XBkp1q “ ∅ and Bkp0q YBkp1q Ď Bk´1,
(R3) either wk “ vk or wk is not a neighbor of vk in G,
(R4) the set tw0, . . . , wku is a clique in G,
(R5) Bkp0q X λptw0, . . . , wkuq ‰ ∅ and Bkp1q X λptw0, . . . , wkuq ‰ ∅.

If Player I cannot make a move following these requirements, then he loses the game. On her turn,
as in the PSP game, Player II chooses a set Bk P tBkp0q, Bkp1qu. If the game continues indefinitely
(i.e., if Player I is always able to make a move allowed by the rules), then Player I wins the game.

Lemma 17.29. Let pG,λq be a countable CpRnq-labeled graph and let A :“ ApG,λq. If Player I
has a winning strategy in PSP˚pG,λq, then Player I has a winning strategy in PSPpAq as well.

Proof. Consider a run of the game PSP˚pG,λq won by Player I:

Player I B0p0q, B0p1q, w0 B1p0q, B1p1q, w1 . . . Bkp0q, Bkp1q, wk . . .
Player II B0 B1 . . . Bk . . .

Rules (R1) and (R2), together with Fact 17.5, ensure that there is a unique point x P
Ş

kPω Bk. We
claim that x P A. Indeed, let M :“ twk : k P ωu. By (R4), M is a clique in G, while (R3) implies
that M is maximal. Suppose, toward a contradiction, that x R λpMq. Then there is some k P ω
such that x R λpwkq. Since λpwkq is closed, there is r P R` such that Bpx, rq X λpwkq “ ∅. Rule
(R1) implies that for all large enough N , BN Ď Bpx, rq, so BN X λpwkq “ ∅, contradicting (R5).
Therefore, x P λpMq Ď A, as claimed. It follows that Player I wins the following run of PSPpAq:

Player I B0p0q, B0p1q B1p0q, B1p1q . . . Bkp0q, Bkp1q . . .
Player II B0 B1 . . . Bk . . .

Hence, if Player I has a winning strategy σ for PSP˚pG,λq, it can be transformed into a winning
strategy for Player I in PSPpAq: Player I plays following σ but ignores the vertices w0, w1, . . . . �

Lemma 17.30. Let pG,λq be a countable CpRnq-labeled graph. If A :“ ApG,λq is uncountable,
then Player I has a winning strategy in PSP˚pG,λq.

Proof. Given a clique W Ď V pGq, let AW be the set

AW :“
ď

tλpMq : M PMpGq, W ĎMu.

Note that AW Ď λpW q. We call a position
p “ ppB0p0q, B0p1q, w0q, B0, . . . , pBk´1p0q, Bk´1p1q, wk´1q, Bk´1q (17.2)

good for Player I if Player I has not lost yet (i.e., Rules (R1)–(R5) are satisfied so far) and the set
Bk´1 XAtw0,...,wk´1u is uncountable. The following claim is the key to the proof:

Claim 17.31. If a position p as in (17.2) is good for Player I, then there is a legal move pBkp0q, Bkp1q, wkq
for Player I such that the sets Bkp0q XAtw0,...,wku and Bkp1q XAtw0,...,wku are uncountable.
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Proof. Let X be the set of all vertices w such that tw0, . . . wk´1, wu is a clique and either w “ vk or
w is not a neighbor of vk. Every M PMpGq with tw0, . . . , wk´1u ĎM includes a vertex w P X, so

Atw0,...,wk´1u “
ď

wPX

Atw0,...,wk´1,wu.

Since p is good for Player I and X is countable, there exists w P X such that Bk´1 XAtw0,...,wk´1,wu

is uncountable. Exercise 17.13 then yields open balls B0, B1 P B such that
‚ the sets B0 XAtw0,...,wk´1,wu and B1 XAtw0,...,wk´1,wu are uncountable,

‚ the radii of B0 and B1 are at most 2´k, and
‚ B0 XB1 “ ∅ and B0 YB1 Ď Bk´1.

Setting pBkp0q, Bkp1q, wkq :“ pB0, B1, wq finishes the proof. b

Assume A is uncountable. Then the starting position ∅ is good for Player I. We claim the
following is a winning strategy for Player I:

Given a position p as in (17.2), pick your next move pBkp0q, Bkp1q, wkq so that the
sets Bkp0q XAtw0,...,wku and Bkp1q XAtw0,...,wku are uncountable.

If Player I follows this strategy, then, regardless of Player II’s choices, Player I will always be in a
good position. In particular, Player I will never break the rules of the game, which means he will
not lose. Therefore, the strategy is winning for Player I. �

Proof of Theorem 17.28. Let A Ď Rn be analytic and let pG,λq be a countable CpRnq-labeled
graph such that A “ ApG,λq. Suppose A is uncountable. Then, by Lemma 17.30, Player I has a
winning strategy in PSP˚pG,λq. By Lemma 17.29, Player I has a winning strategy in PSPpAq as
well. By Theorem 17.18, it follows that A has a nonempty perfect subset, as desired. �

As mentioned above, the class of all analytic sets is not closed under complementation. Comple-
ments of analytic sets are called co-analytic. At this point, it is natural to ask:

Do all co-analytic sets have the PSP?
The answer, surprisingly, is independent of ZFC! However, various additional assumptions on the
universe of set theory settle this question one way or the other. For instance, if U “ L, then the
answer is no: in L it is possible to construct an uncountable co-analytic set that does not have a
nonempty perfect subset. (This has to do with the fact that it is “extremely easy” to well-order
the reals in L.) On the other hand, assuming the existence of some sufficiently large inaccessible
cardinals (incompatible with U “ L), one can show that every co-analytic set has the PSP.

Questions about the properties of Borel, analytic, etc. sets (such as whether or not they have the
PSP) are studied in the area called descriptive set theory. The word “descriptive” here refers to
the fact that Borel, analytic, etc. sets can be “described” explicitly, i.e., they are not produced by
nonconstructive means such as AC. As the above discussion indicates, while descriptive set theory
is concerned with subsets of “familiar” spaces such as Rn, the answers to natural questions about
such sets can depend in subtle ways on the structure of the ambient set-theoretic universe.
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18. Extra problems
18.1. Without Choice
For the following problems, the default axiom system is ZF.

Exercise 18.1. Show that if α is a limit ordinal, then there is β P Ord such that α “ ω ¨ β.

Exercise 18.2. Show that if α is a limit ordinal, then 1α ` 2α “ 3α (ordinal exponentiation).

Exercise 18.3. Show that there is a class function Φ: Ord Ñ Ord such that for all α P Ord, the
preimage Φ´1pαq :“ tβ P Ord : Φpβq “ αu is a proper class.

Exercise 18.4. Let α P Ord and let f : αÑ U. Show that there is a function g : αÑ U such that
ď

βăα

gpβq “
ď

βăα

fpβq,

for all β ă α we have gpβq Ď fpβq, and for all distinct β, γ ă α we have gpβq X gpγq “ ∅.

Exercise 18.5. Let C be a class such that @x
`

p@y P x py P Cqq Ñ x P C
˘

. Show that C “ U.

Exercise 18.6. Suppose X, Y are sets such that X ˆ Y “ X. Show that X “ ∅.

Exercise 18.7. Let C be a class and let R be a class equivalence relation on C. Show that there is
a class function Φ: CÑ U such that for all x, y P C, we have xR y if and only if Φpxq “ Φpyq.

Exercise 18.8. Suppose that C is a class that is stratified in two ways:
C “

ď

tCα : α P Ordu “
ď

tC 1α : α P Ordu.

Show that there is an ordinal α such that Cα “ C 1α.

Exercise 18.9. Show that there is a finite list ϕ1, . . . , ϕn of formulas without parameters (but
possibly with free variables) such that if S is a transitive set and ϕ1, . . . , ϕn are absolute between
S and U, then S “ Vα for some limit ordinal α.

Exercise 18.10. Recall that ZF consists of infinitely many axioms. Assuming ZF is consistent,
show that infinitely many axioms are necessary; i.e., there is no finite list ϕ1, . . . , ϕn of formulas
(with no free variables and without parameters) such that ZF is equivalent to ϕ1 ^ . . .^ ϕn.

Exercise 18.11. Let α ą ω be a countable ordinal. Show that
Vα |ù “there exists a well-ordering ă on some set that is not order-isomorphic to an ordinal.”

Exercise 18.12. Show that U “ OD if and only if OD |ù Ext.

Exercise 18.13. Let W be the class of all well-orderable sets. Show that if W |ù ZF, then W “ U.

Exercise 18.14. Let C Ď Ord be a proper class. Show that the unique order-isomorphism CÑ Ord
coincides with the Mostowski collapse of C.

18.2. With Choice
For the following problems, the axiom system is ZFC.

Exercise 18.15.
(a) What is the cardinality of the set of all countable ordinals?
(b) What is the cardinality of the set of all well-orderings of ω?

Exercise 18.16.
(a) What is the cardinality of the set of all strictly increasing functions ω Ñ ω?
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(b) What is the cardinality of the set of all strictly increasing functions QÑ Q?
(c) What is the cardinality of the set of all strictly increasing functions QÑ R?
(d) What is the cardinality of the set of all strictly increasing functions RÑ R?

Exercise 18.17. What is the cardinality of the set of all continuous functions RÑ R?

Exercise 18.18. Let E denote the equivalence relation on R such that for all x, y P R, xE y if and
only if x´ y P Q. What is the cardinality of the quotient R{E?

Exercise 18.19. Recall that for a set X, we use rXsăω (resp. rXsďω) to denote the set of all finite
(resp. countable) subsets of X.

(a) Does there exist a set X such that X “ rXsăω?
(b) Does there exist a set X such that X “ rXsďω?
(c) Does there exist a set X such that X “ PpXq?

Exercise 18.20. Let κ ě ℵ0 be a cardinal and let λ be a cardinal with 0 ă λ ă cfpκq. Show that

κλ “ max
!

κ, suptρλ : ρ ă κ is a cardinalu
)

.

Exercise 18.21. Show that there is a proper class of cardinals κ such that κℵ0 ă κℵ1 .

Exercise 18.22. Let ρ be an infinite cardinal.
(a) Show that there is a proper class of cardinals κ such that κρ “ κ.
(b) Show that there is a proper class of cardinals κ such that κρ ą κ.

Exercise 18.23. Assuming GCH, show that for a cardinal κ ě 2,
κℵ0 ă κℵ1 ă κℵ2 ðñ κ ď ℵ1.

Exercise 18.24. Let Φ: UÑ U be a class function and let S be a countable set. Show that there
is a set S˚ of cardinality at most 2ℵ0 such that S Ď S˚ and for every countable A Ď S˚, ΦpAq P S˚.

Exercise 18.25. Let f : ℵ1 Ñ ℵ1 be a function such that for all 0 ă α ă ℵ1, we have fpαq ă α.
Show that there is β ă ℵ1 such that the preimage f´1pβq :“ tα ă ℵ1 : fpαq “ βu is uncountable.

Exercise 18.26. Show that there exists a cardinal κ with cfpκq “ ℵ1 and κ “ ℵκ.

Exercise 18.27. Show that there exists a function f : RÑ R such that for any two real numbers a,
b P R with a ă b, the image of the open interval pa, bq under f is equal to R, i.e., f rpa, bqs “ R.

Exercise 18.28. Suppose that κ is a weakly inaccessible cardinal. Show that
L |ù “κ is strongly inaccessible.”

Exercise 18.29. Show that if there is an inaccessible cardinal, then for some α ă ℵ1, Lα |ù ZFC.

Exercise 18.30. What is the cardinality of the set of all Borel subsets of Rn?
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